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First Order Transition in the Frustrated Antiferromagnetic Heisenberg S 5 1 Quantum
Spin Chain
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We study a frustrated HeisenbergS ­ 1 quantum spin chain with next-nearest neighbor (NNN)
coupling a using a variational ansatz and the density matrix renormalization group. We find as
quantum remnants of the phase transition in the classical chain a disorder point ataD ­ 0.284s1d
and a Lifshitz point ataL ­ 0.3725s25d. Our main finding is a first-order transition from an Affleck-
Kennedy-Lieb-Tasaki (AKLT) phase to a NNN generalization of the AKLT phase ataT ­ 0.7444s6d.
At the transition, string order jumps discontinuously byø0.085 to 0; correlation length and gap are
finite. [S0031-9007(96)01843-1]

PACS numbers: 75.50.Ee, 75.10.Jm, 75.40.Mg
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In recent years, classical and quantum frustrated
tems in low dimensions have been extensively stud
motivated by both experiment and their role as a th
retical testbed: Frustrated systems show rich behav
but many conventional techniques meet with consid
able difficulty [1]. The Heisenberg isotropic quantu
spin chain with antiferromagnetic interactions betwe
nearest and next-nearest neighbors (NNNs) are abou
simplest frustrated quantal system, and thus of centra
terest. From the well-established [2] Haldane conject
[3] it is known that in the limit of no frustration there i
a fundamental difference between half-integer and inte
spin chains. We may thus expect significantly differe
behavior also in the frustrated chains.

Frustrated half-integer spin chains have been ex
sively studied and are by now well understood [4]. Fr
trated next-nearest neighbor integer spin chains h
also attracted considerable interest. Several scenarios
analytical and numerical studies have been proposed
particular, forS ­ 1. Numerical studies [5] seem to in
dicate that there is no phase transition for any value
frustration. Field theoretical studies [6,7] predict th
there is always a gap for any value of frustration.
the other hand, it was claimed recently [8] that the
is an (almost) gapless point for aa ­ 0.73s1d. Thus
the situation is obscure; there is no agreement whe
there is a phase transition in the chain and, if so,
which order.

In this work we study the phase diagram of a frustra
antiferromagnetic isotropic HeisenbergS ­ 1 quantum
spin chain
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at T ­ 0. We find a disorder point of the first kin
for aD ­ 0.284s1d, a quantum remnant of the pha
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transition in the classical model. Our main result
that there is a first-order transition ataT ­ 0.7444s6d
with a discontinuous jump in the string order and
finite correlation length. The emerging picture is thu
substantially different from the frustratedS ­

1
2 chain.

We start with an analytical approach [9] based o
the Affleck-Kennedy-Lieb-Tasaki (AKLT) [10] model, as
a guideline for the numerical results presented belo
Basically, two ground states are compared: one be
the conventional AKLT model, the other a NNN-AKLT
model which links next-nearest neighbors by singl
bonds (Fig. 1). These two ground states arise natura
if one considers the unfrustrateda ­ 0 limit, known to
be well described by the AKLT model, and thea ! `

limit, where the chain decomposes into two unfrustrat
subchains. Comparing ground-state energies, we ob
a naive (but surprisingly good) estimate for the transitio
point a

var
T ­

3
4 . The elementary excitations in the AKLT

phase can be studied in a soliton approach in the sp
of Ref. [11]. The dispersion law of the soliton excitatio
for a , 0.75 is given by

FIG. 1. Schematic representation of the AKLT model and t
NNN-AKLT. Circles are spin-1 sites, a dot is a spin1

2
, and fat

links are singlet bonds between spins. Note the free spin1

2
at

each end of the open AKLT chain. In the NNN-AKLT mode
the chain is indicated by dashed lines.
© 1996 The American Physical Society
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. (2)

The gap does not disappear at the transition po
fDvarsa ­ 0.75d . 0.325g, indicating a first-order phas
transition (or absence of a phase transition). In
NNN-AKLT phase (Fig. 1) the soliton dispersion can b
obtained from (2) bya ! 0, k °! 2k, and scaling the
expression bya. This description is perhaps too crud
for example, ata ­ 0.75 the energy per spin of the
completely dimerized valence bond state is exactly
same as that of the AKLT and NNN-AKLT configura
tions. We have constructed a variational wave funct
in higher matrix dimensions interpolating smooth
between the AKLT, NNN-AKLT, and the completel
dimerized state. We find results in reasonable agreem
with the naive findings just presented; the main feat
is that though the discontinuity at the transition is le
distinct, and the transition point shifted toa ø 0.81, the
transition is still found to be first order [9].

To obtain quantitative results, we use the density m
trix renormalization group (DMRG) [12], typically using
M ­ 250 block states in chains up toL ­ 350. This by
far exceeds previous calculations [8] in precision. W
present calculations of important quantities not conside
beforehand and analyze the excitation spectrum caref
The use of a prediction mechanism [13] to accelerate
exact diagonalization in the DMRG allows us to perfor
all calculations on a PentiumPro based personal c
puter at good computing speed. The DMRG is parti
larly adapted to the problem, as it allows us to treat la
systems and is not plagued by quantum Monte Car
negative sign problem. We have calculated a numbe
low-lying states, including their magnetization, to disti
guish between edge and bulk excitations in open cha
spin-spin correlations, and the string order parameter
should be mentioned that our results do not verify so
observations obtained by Patiet al. [8] using the DMRG,
namely, the local drop in the gap ata ø 0.5, and their
gap data at the transition. This difference in results go
beyond finite size effects may be explained by the pr
ence of parasitic edge excitations which were not ta
completely into account in Ref. [8].

Numerically, we find two phases, namely, the AKL
(the Haldane) and the NNN-AKLT phase, and thr
special points in the phase diagram, the disorder pointaD,
the Lifshitz pointaL, and the transition pointaT .

The AKLT phase foraT , 0.7444s6d is characterized
by the string order parameter [14]
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measuring thehidden order of the S ­ 1 Heisenberg
chain due to a brokenZ2 3 Z2 symmetry. This gives rise
to the Kennedy edge excitation triplet, which is degener
with the ground state singlet in the thermodynam
limit [15]. We clearly observe the Kennedy triple
numerically, as aStot ­ 1 boundary excitation with odd
parity (abbreviated in the following as12), degenerate
with the01 ground state. The first bulk excitation is give
by the lowest21 state.

The string order parameter is nonzero through
this phase (Fig. 2), peaks at0.4397s1d very close to the
AKLT value of 4

9 , and drops to zero discontinuously at th
phase transition. The gap results obtained by the va
tional approach starting from the AKLT model are in re
sonable agreement with the numerical findings (Fig. 3)

The most remarkable feature of this phase is
disorder point. In a previous work [16] by one of u
(U. Sch.) it was shown that the relationship between
antiferromagnetic Heisenberg model and the AKLT mo
for S ­ 1 can be understood within the framework
a disorder point of the first kind, a well-defined concep
in classical statistical mechanics [17]. It basically aris
in a disordered phase linked by continuous transitions
two ordered low-temperature phases with different for
of order. In the case of the frustrated antiferromagne
Heisenberg quantum spin chain, there is no ordered z
temperature phase [18]. However, the quantum sp
S chain at T ­ 0 can be mapped to a classical sp
chain atT fi 0. It is known [19] that, at least for the
unfrustrated Heisenberg model, the relationshipT ~ 1yS
holds. The classical spin chain at finite temperatu
is disordered due to the Mermin-Wagner theorem [1
but ordered atT ­ 0. The T ­ 0 classical spin chain

FIG. 2. String order parameter limji2jj!` O si, jd.
5143
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FIG. 3. Bulk excitation gapDsad. The precision isø0.02 at
the transition, better elsewhere. As shown values, lower bou
were chosen. Solid line: analytical result.

provides the required ordered low-temperature pha
For a , ac ­ 0.25, the chain is antiferromagneticall
ordered; for a . ac, there is spiral orderkS0Sxl ~

cosqsadx with qsad ­ arrcoss21y4ad. Indeed, we can
identify an aD ­ 0.284s1d, which meets the criteria o
a disorder point to numerical precision: Correlatio
become incommensurate in real space at this point;
wave numberqsad for a . aD shows the expecte
singular behavior; the correlation lengthj shows a
minimum of j ø 1.20 and a very steep slope fora ,

aD , probably infinite.
For 0.37 , a , 0.375 we find the associated Lifshit

point, defined by the emergence of a two-peak struc
in theSsqd structure function, with maxima atqmax fi p.
The small difference in the location of the Lifshitz poi
in Ref. [8] is an effect of the smaller precision an
system size studied there. At the Lifshitz point, w
see the development of adoubly degeneratestructure of
the excitation spectrum, already predicted by Allen a
Sénéchal [7] and in agreement with Eq. (2): The low
22 state is degenerate with the21 state. Classically, the
two degenerate states correspond to spin waves coqx
(even parity) and sinqx (odd parity). Variationally, the
Lifshitz point is predicted ata . 0.325. Note that, above
aD , there is a low-lying11 edge excitation in the ope
chain, a precursor of the transition. This explains
difference in gap curves between Ref. [8] and us.

In an open chain in the NNN-AKLT phase, there a
two freeS ­

1
2 spins at each chain end, which we link u

by nearest-neighbor singlet bonds. The ground state o
open chain is thus unique, which we can verify nume
cally. The low-lying bulk excitation spectrum retains
5144
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doubly degenerate structure. Ground-state energy, exc
tion gap and correlation length approach their asympto
behavior,E0sad ­ aE0s0d, jsad ­ 2js0d, and Dsad ­
aDs0d. Asymptotic behavior is slower to set in forj and
D: The gap is slightly bigger, as it costs more energy
excite a subchain still coupled to the other subchain;j is
correspondingly smaller than expected.

The remaining central question is how the change fro
the AKLT to the NNN-AKLT phase ataT ­ 0.7444s6d
can be characterized.

We observe a finite gapDsad (Fig. 3) at the transition.
This fact is obscured by the presence of parasitic lo
lying states corresponding to edge excitations, which ha
to be excluded. The minimal gap is small,D ø 0.10, to
be compared with a variational prediction ofD ­ 0.325.
The correlation length (Fig. 4) increases on both sides
the transition, but remains clearly finite on the AKLT sid
sj ø 18d, whereas it becomes very long on the NNN
AKLT side, such that a divergence cannot be as clea
excluded. This behavior is not compatible with a secon
order transition.

Our main argument in favor of the first-order transitio
is the clearly discontinuous disappearance of the str
order parameter (Fig. 2) ataT ­ 0.7444s6d. We observe
numerically a jump of0.085 (20% of its maximum
value) betweena ­ 0.74375 and a ­ 0.7450. Up to
a ­ 0.74375, the string order parameter decays almo
linearly; at this point the slope increases about sixty time
It appears extremely unlikely that there is a crossov
from this linear behavior to an extremely strong powe
law decay (as in a continuous transition).

FIG. 4. Spin-spin correlation lengthsj. They are systemati-
cally underestimated by the DMRG. At the transition the err
is maximal, but will, generously estimated, not exceed 20%.
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A first-order transition would be most neatly identifie
by a discontinuous derivative of the ground-state ene
per spin. Numerically, we find it very difficult to clearly
identify such a discontinuity. Though the correlatio
length is finite, it is long enough to suggest a rather s
first-order transition.

We are therefore led to locate a first-order phase tra
tion at aT ­ 0.7444s6d, in very good agreement with th
naive analytical predictionavar

T ­ 0.75.
To summarize, we can devise a clear and coher

picture of a frustratedS ­ 1 isotropic Heisenberg spin
chain. Its behavior is fundamentally governed by t
underlying classical model, characterized by a ph
transition from an antiferromagnetic to a spiral order
phase, reflected by the presence of a disorder point a
Lifshitz point. The classical transition is thus not linke
to the first-order transition found ataT ­ 0.7444s6d,
which is a pure quantum effect. We argue that the
is a first-order phase transition because the underly
physical change is the doubling of the lattice spacin
which is not a typical breaking of a symmetry grou
in a continuous phase transition. We therefore sugg
that there is a whole first-order transitionline in the
a 2 d plane, if one includes af1 1 s21didg alternation
in the nearest-neighbor interaction in (1). Assuming t
transition line to be characterized by vanishing stri
order, we suggest it should be identified with thesBCd
line in Fig. 3 of Ref. [8], which probably means that ou
NNN-AKLT phase is smoothly connected with the dime
ized phase.
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