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Problem Set 1: Useful Operator Identities

1. Baker-Hausdorff identity

Define {
[A, B]n+1 = [[A, B]n , B]
[A, B]0 = A

Show that

e−BAeB =
∞∑

n=0

1

n!
[A, B]n

(Hint: Expand the function A(s) = e−sBAesB as a Taylor series in s, and evaluate this
series at s = 1)

2. Suppose C = [A, B] satisfies [A, C] = [B, C] = 0. Show that

i. e−BAeB = A + C

(Hint: use Baker-Hausdorff)

ii. eAeB = eA+BeC/2

(Hint: Define T (s) = esAesB, calculate dT (s)
ds

and show that the solution of this

differential equation is T (s) = es(A+B)es2C/2)

iii. e−Bf(A)eB = f(A + C)

(Hint: Taylor-expand f(A), and find the nth-term by induction starting from 2.i.)

iv. eAeB = eBeAeC
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3. Suppose [A, B] = DB and [A, D] = [B, D] = 0. Show that

i. f(A)B = Bf(D + A)

(Hint: Use a Taylor expansion and induction)

ii. eAB = BeA+D

(Hint: Use 3.i.)

iii. eABn = (BeD)neA

(Hint: Use 3.ii. and induction)

iv. eAeB = e(BeD)eA

(Hint: Expand eB and use 3.iii.)


