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Problem Set 3: 1d Fermi gas

1. Density fluctuations in a degenerate Fermi gas.
Consider spinless free 1d fermions (as in Problem Set 2) which are confined to the space
interval 0 < x < L and are described by the Hamiltonian
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The operator of the total particle number for this system reads
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Prove that A X X
(ON7) = (N7) — (Np)* ~=log(prL)/m*, pp' < L < Lr; (3)

where pp and vp are the Fermi momentum and the Fermi velocity, respectively; Ly = vg/T
is the thermal length; h =1, kg = 1.
Hint: Ly is the largest scale if T"— 0.
Useful identity:
<6216k26236k‘4> = <6216k2><6236k‘4> + <éltlék4><ék‘zé;rcg> : <4>

2. Resonant-level model.
Consider the fermionic resonant-level model: a localized level with energy ¢, is coupled with
hybridization strength V' to a flat band of fermions:

H = cqcheq+ > encler + V'Y (ehea+ eler) . (5)
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Here —D < g, < D are the uniformly spaced energy levels of a band of half-width D and
constant density of states,
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1. Consider the thermal Green’s functions

G (1) = —(Ty (1)l (0)), mon’ € {d, k} . (7)
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Derive motion equations for Ggq(7) and Ga(7), Matsubara-transform these equations, and
solve them for G44(iw;) and Gpq(iw;) by eliminating the latter. Result:

Gaaliw)) = ! Sy(iwy) = Z v . (8)
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(The function Y,(iw;) is called the “self-energy”, a nomenclature stemming from a pertur-
bative treatment of this model.)

ii. Use analytic continuation to find the retarded/advanced Green’s functions ng/A(w) of
the d-level. Hint: first show that Zg/A(w) = I, with T' = 7V?py, by using Eq. (6) to

perform the sum on k and taking the wide-band limit D — oo.

iii. Show that the local density of states of the d-level, given by its spectral function, A,(w) =
—1Im [G% (w)], has the following form in the wide-band limit:
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iv. Establish the physical meaning of I' by calculating the time-dependence of ng/A(t).



