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Prof. Jan von Delft, Dr. Oleg Yevtushenko Problem Set 5

Problem Set 5: Interaction of free particles
with a scalar potential.

1. Single point-like impurity.

Consider noninteracting 1d fermions, see the Problem Set 3 ( L — oo) under the action
of an external scalar potential:

=+, = /z/ﬂ(x)wx, () dz (1)

The simplest but, nevertheless, important example of the potential V' is a static point-
like impurity
Viz,t) = 70(zx); (2)

here v = const > 0 is the impurity strength. The Green’s function of the system
Egs.(1,2) can be calculated exactly and it helps to illustrate some interesting effects.

Derive the thermal Green’s function of the system Eqgs.(1,2):

(a) Start with Eq.(PT6-1) from notes of Jan von Delft. Note that the impurity breaks
the translational symmetry and, therefore, the coordinate representation is more
convenient than the momentum one. Insert Eq.(2) into Eq.(PT6-1) and Fourier
transform it. Prove that

G(iwn; x1, 1) = go(iwn;xl,xg)+/go(iwn;xl,:pg)V(xg)g(iwn;xg,xg)d:pg (3)

Go(iwn; w1, 22) = G(iwn; T1,22)

V=0
i. Draw a diagram (graphic representation) of Eqs.(3).
ii. Explain why all Green’s functions in Eq.(3) have the same frequency.
(b) Calculate the integral over x in Eq.(3) and prove that

go(iwn; Ty, O)QO(iwn; 0, $2)
1- 790<iwn;070> .

(4)

G(iwn; 11, T2) = Go(iwn; 11, T2) + 7

(¢) Find Gy(iw,;x1,22) by calculating the Fourier transform of Eq.(12) from the

Problem Set 2 with ¢, = k*/2m — Ep. Show that in the limit w, < Fp the
expression for Gy(iw,; x1,r2) can be reduced to

1

Go(iwn; x1, x9) ~ ——sign(wy,)
U

ei\xlfmg|(kp+iwn/vp)sign(wn) ) (5)
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(d) Study the limit v — oo which corresponds to the perfect scatterer (transmission
goes to 0). Insert Eq.(5) into Eq.(4) and prove that

G(iwn; 21, T2) = Go(iwn; 71, T2) — Go(iwn; T1, —T2) . (6)
Y—00
(e) Optional task: Try to obtain Eq.(6) by using the method of images (see any book
on “Electrostatics”).

2. Friedel oscillations

Density of particles can be found from the thermal Green’s function using the following
expression

n(x) = limog(T;x,x). (7)

T——

Prove Eq.(7) and show that a scatterer generates density oscillations with a period
1/2pp. This effect is called “the Friedel oscillations”. Description of the Friedel oscil-
lations is simple in the case of the perfect scatterer:

(a) Use results of 1.d to show that

= lim (QO(T;O,O) — Go(T; 2:10,0)) ) (8)

n(z) n
y—=o00 T——0

(b) Use results of the Problem Set 2 or Problem Set 1 (Supplementary Materials) to
find lim,,_oGo(7;z,0):

T'sin(ppx)

(9)

I 12,0) =
4 Go(T32,0) vpsinh(nTx/vg)

[Hint: consider only momentums which are closed to £pp|. Alternatively, Eq.(9)
can be obtained from the Matsubara transform of Eq.(5).

(c) Insert Eq.(9) into Eq.(7) and obtain the following expression

n(r) T sin(2pp)

vl - 10
o vppr sinh(2nTx/vp) (10)
Here ,
: F
no= Jim (nt0) = )

is the density far from the scatterer. Analyze the limit T — 0.

(d) More advanced: Explain origin of the Friedel oscillations at = < vg/27T. Why
are the oscillation suppressed at = > vp /2777



