
Introdu
tion to String TheoryProf. Dr. L�ustSummer 2006Assignment # 5(Due June 12, 2006)1) Normal ordering and the quantum Virasoro algebraIn this ex
er
ise, we will show that, in the quantized bosoni
 string theory, the normalordered Virasoro generators Lm = 12 1Xn=�1 : �m�n � �n :satisfy the Virasoro algebra with a 
entral 
harge 1 :[Lm; Ln℄ = (m� n)Lm+n + D12m(m2 � 1)Æm+n:In order to be
ome more familiar with the normal ordering pres
ription, we will dothis by brute for
e methods, i.e., by simply using the de�nition of the normal orderedgenerators Lm and then 
al
ulating their 
ommutators. We will pro
eed in severalsmaller steps.a) Explain why the normal ordering in Lm only a�e
ts L0 and why the Virasoro gener-ators Lm 
an be written in the following form:Lm = 12 0Xn=�1�n � �m�n + 12 1Xn=1�m�n � �n (1)b) Using [X; Y Z℄ = [X; Y ℄Z + Y [X;Z℄ and [��m; ��n℄ = mÆm+n��� prove that, for allm;n 2 Z, [��m; Ln℄ = m��m+n:
) De
ompose the sum 1Xn=�1 = 0Xn=�1+ 1Xn=11A 
entral 
harge, T0, of a Lie algebra is a generator that 
ommutes with all generators of the Lie algebra,[Ta; T0℄ = 0, but appears on the right hand side of some 
ommutators, [Ta; Tb℄ = 
T0 + : : :, for some Ta andTb, with 
 being a 
onstant. In the above Virasoro algebra, the rôle of T0 is played by the term proportionalto Æm+n, whi
h should be viewed as an additional generator in addition to the Lm.1



as we did in (1) to \solve" the normal ordering 
ondition. Use the result of part b) toshow that [Lm; Ln℄ = 12 0Xl=�1 f(m� l)�l � �m+n�l + l�n+l � �m�lg+ 12 1Xl=1 f(m� l)�m+n�l � �l + l�m�l � �n+lg : (2)d) Make the substitution p = n + l in the se
ond and fourth term in (2) and verify[Lm; Ln℄ = 12f 0Xl=�1(m� l)�l � �m+n�l + nXp=�1(p� n)�p � �m+n�p+ 1Xl=1(m� l)�m+n�l � �l + 1Xp=n+1(p� n)�m+n�p � �pg: (3)e) From now on, we will restri
t ourselves to the 
ase n > 0, as the other 
ases n < 0and n = 0 are 
ompletely analogous. Show, therefore, that, for n > 0, the expression(3) in d) is equal to[Lm; Ln℄ = 12f 0Xp=�1(m� n)�p � �m+n�p + nXp=1(p� n)�p � �m+n�p+ 1Xp=n+1(m� n)�m+n�p � �p + nXp=1(m� p)�m+n�p � �pg (4)Whi
h of these four terms are already normal-ordered?f) Prove nXp=1(p� n)�p � �m+n�p = nXp=1(p� n)�m+n�p � �p + nXp=1(p� n)pDÆm+nand insert this for the se
ond term in the expression (4) of part e).g) Show that your result from part e) is now equivalent to[Lm; Ln℄ = 12 1Xl=�1(m� n) : �l � �m+n�l : +12D nXl=1(l2 � nl)Æm+n:h) Prove, e.g. by indu
tion, the following identities:nXq=1 q2 = 16n(n + 1)(2n+ 1)nXq=1 q = 12n(n + 1) (5)2



and use this to �nally derive[Lm; Ln℄ = (m� n)Lm+n + D12m(m2 � 1)Æm+nfrom the expression in part g).2) The quantum Virasoro algebra as a Lie algebraIn homework assignment #4, you showed that the 
lassi
al Virasoro generators form aLie algebra with respe
t to the Poisson bra
ket. In the quantized version, the Poissonbra
kets have now be
ome true 
ommutators between operators, and we also have a
entral 
harge: [Lm; Ln℄ = (m� n)Lm+n + D12m(m2 � 1)Æm+n (6)a) Show that these 
ommutation relations still de�ne a Lie algebra.b) Do L0, L1 and L�1 still form a Lie subalgebra?
) Do the Lm with m > 0 form a Lie subalgebra? And the Lm with m < 0?d) We have 
al
ulated the quantum Virasoro algebra by using normal ordered generatorsLm. This 
hoi
e need not be the physi
ally 
orre
t one. One might therefore nowwonder, whether a rede�nition Lm ! ~Lm = Lm � �Æm;0with a 
onstant � that parameterizes a di�erent ordering in L0 
ould perhaps removethe troublesome 
entral 
harge term in the Virasoro algebra. Show that this 
annothappen, i.e., show that su
h a rede�nition in (6) 
ould at most 
hange the linear termin m in the 
entral 
harge, but not the 
ubi
 one.
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