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Overview

In the past two years saw renewed interest in soft limits & discovery of subleading
soft theorems for gluons and graviton.

This talk:

@ Study the subleading colllinear limit for gluon amplitudes

@ Connected to relations between mixed gluon-graviton and gluon amplitudes.
OUtline:

@ Brief review soft theorems

@ Brief review of Cachazo,He,Yuang (CHY) formalism

© Expressing Einstein-Yang-Mills (EYM) amplitudes through YM via CHY
@ Collinear limits within CHY

@ Subleading collinear limit: Gluons, gravitons & scalars

O Subleading collinear-soft limit for gluons

@ Summary & Outlook
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Soft Theorems

Pn+1 Pn+1
50 ;
m% == SU(6p1, {pa}) x %
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Theorems of Low (1958) and Weinberg (1964)

Scattering amplitudes display universal factorization when a single photon, gluon or
graviton becomes soft: Parametrize soft momentum as § ¢* and take 6 — 0

Pn+1 Pnt1
50 i
p1 —  SU(Sp1, {pa}) x
P2 P2

An+1(5 q,P1y - - 7pn) 530 S[O} (J(L {pa}) . An(ph cee 7pn) + 0(50)

At tree-level with soft leg polarization F

(v

n

1 E,ph
Z 5 ZuPa : photon  — gluon (color ordered)
— Pa - q

SO g {pa}) =4 %5,

Z 1 Eywpapg )

= : graviton
=0 Pa-q

Proof is elementary. Tree-level exact for gravity. IR divergent loop corrections in YM.
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Subleading soft theorems

Universal factorization extends to subleading order [cachazo, Strominger][Low, Burnett Kroll;Casal]

An+1(5Q7p17"'apn) - S (5517{]%})-'471(]91’7pn)+0(5])

with soft operators

55(0) + S\((ll\)/l : Yang-Mills (j = 1)

SVl g, {pa}) =

1
gSéO) + Sg) + (55&2) . Gravity (7 =2)

Explicit constructions (using BCFW, CHY) @ tree-level yield

S(l)tree E;L qu J{W Eu qu Jh

— — JW = pho + E*Opy — p > v
YM P1-q Dn - q a a“Pq a a
n
E -po)E,q, J&
Sél)tree _ Z (E-pa) Ejqy Ja writing E,, = E,E,
o1 Pa - q

n
ree E 14 éjll} 2
g2tree _ E M — arise from hidden BMS symmetry?

G - .
1 Pa - 4
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Collinear limit

@ Collinear factorization is central property for gluon amplitudes

p?l Dn+2 . Pn+2
1H2 p
h h
P ZSpht p(c; 101,272 %
h=t Ps3
P3
@ Parametrize the collinear limit ¢ — 0: (c =cos¢, s =sing) [Stieberger, Taylor]

1) =clp) —eslr) 1] =clp] —es]r]
2) =slp) +eclr) 2] =slpl+eclr] = (12) = (pr)

with reference momentum r#. This translates to 4-momenta
P =cEpt —eesqt 4+ stk
ph=s"p'+ecsqgt + St qi=p)[r|+|r)p]

@ Momentum conservation up to order €?:  p; +pa =p+€Xr
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Splitting functions

@ Collinear factorization

Ansa(1,22, ) DB S split_y (¢5171,272) A (01,.) + O(0)
h=%+

@ One has to leading order in e:

1 1
lit, (c;17,2%) = lit_(c;17,2%7) ==
Split, (¢;17,27) =0 Split_(c;17,2™) < o5 or)
1 s 1 8
Split, (¢;17,27) = —— Split_(c;117,27) = =
plit., (c;17,27) e c(pr) plit_(c;17,27) e s[pr]

@ Question fo this talk:

Is there universal factorization at subleading order in €? I

Natural question to ask in view of subleading soft theorems. However, no
potential hidden symmetry at the horizon.
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Study subleading collinear limit by BCFW

o Taking 11 || 2T consider a (1N] shift: |1) = |1) +z|N), |N]=|N]—-z[1]

N—1 1
Ay = Z Az‘L @AJI\{f—z‘H
i=3 i
@ 3pt-diagram vyields leading order:
3
2
C112 1 ) 9 1 )
) ~ O(E> with 2z ~ O(e%) :AN:ZSpllt-AN_l—F(’)(l)
1 .
N

@ Generic-diagram

i N
2 : ) )
1/|2 ) contributes at subleading order
. 1 O(1) with 2z~ O(1) . aing orde
Q = universal factorication is
; i1 lost!

@ But this argument only applies within “space” of gluon amplitudes!

[6/28]



Relation to Einstein-Yang-Mills amplitudes (steserger, Tayior 15

o Consider linear combinations of collinear amplitudes s.t. leading pole cancels

o N=5:

1|2

ssp A(1T,2%,3,4,5) — 54, A(1F,27.3,5,4) =5 L5 Agy(pt+,3,4,5) + O(e)

o N=06:

sep A(17,2%,3,4,5,6) — s5, [A(17,27,3,4,6,5) + A(11,27,3,6,4,5)]

1” 2 AEYM (p++7 31 47 57 6) + 0(6)

nc2

+s4p A(17,27,3,6,5,4) —

e In general: (N — 3)!/2 constraints for the independent (N — 3)! gluon
amplitudes in 1 || 2 limit.

@ = Suggests possible existence of subleading splitting into EYM-amplitudes

subleading
Aym(1t,27.3,.. . N) o LM e 1,243, N) Agym(pT, 3, ... )
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The CHY formalism




Best formalism for unified description of amplitudes: CHY

n

@ Scattering equations: fa = Z PaPy _ 0 Ogb :=0gq —0p €C
v—: Ca — Ob
b#a

For N-particle kinematics these have (N — 3)! solutions

d"o,
o An /VOI SL(2 C (H (5 fa ) {p,E O'}) [Cachazo,He,Yuan]

with the building blocks:

PaDb Ey-Ey f“—_"';"b fora#b
Agp = 727 ab =14 7°7% Cap = ’ Eqpe
0 — Z Ta—0a fora=1>
c#a

@ Integrand Z,, defines the theory in question.
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CHY: Unifying picture of gluon & graviton amplitdues

@ CHY formula

d"o,
An /voISL(ZC <H5f“) (. B, )

The integral completely localizes on the solutions of the scattering equations.

@ Integrands:
Gravitons: ZEinstein(1 2 ... .n) = Pf W2
Color ordered gluons: ZM1,2,...,n) =C(1,2,...,n)PF U,

Graviton-gluon: ZEYM(1,2, ... ,m;p) = C(1,2,...,n) Cpp P ¥y

ZEYM(1,2,.. mspry. .oy p) = C(L,2,. ., n) PEU,({p, Ep, o })PF Uppy
n

E. .
with Cpp = = ﬁ = Pl (p, E, 0)
b=1

@ Unified description of gluon-graviton trees.

[9/28]



A short proof of new EYM amplitude relations

Derived from string theory: h g"-amplitude from pure YM [Stieberger, Taylor]
K
Agym(1,2,. .., m; gZE;)t xpAym(1,2,.. .. Lp,l+1,...,n)

with region momentum x; = Zi’:l Pi.
@ Follows straightforwardly from CHY representation:

1

™M1,2,....n)= —— PF T,
012 ...0np1
1
EYM P == = N /
In+1 ( sy TP ) = Cpp Pf \Iln—l—l
012...0n1
o USIng the Slmp|e |dent|ty [Nandan,JP,Schlotterer, Wen]
n - pi o
_ p i Y41
Cop = Z E,
i=1 Tip O'Zap Op,i+1
.. . Ot . L _ 1 .
Trivially shown using T = o oty and telescoping sum.
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Higher level EYM to YM relations [Nandan,JP,Schlotterer, Wen]

@ May be generalized to more gravitons. One seeks identities of the type

Pf\Ijr({paEpva}): Z ({p7 p})
{i.ga}

Uzaaa]

@ Two gravitons with momenta p & ¢:

PFU_y = Oy Cyy — S22 ) (@) (D)

Spa =P q.
2 2 ) pq
g Op.q
@ Toolbox of identities:
Schouten’s Oi,i+1 Op,qg = —0ip Oqit+1 t Tig Op,itl
Kleiss-Kuijf  C(1, A, n,B) = (—)?! Z C(l,0,n)
occALLB?

with shuffles AlWB E{Oél (042 ey L B)} + {,31(62 c. B|B\ L A)}

Cross-ratio |dent|ty E Spl —— [Cardona,Feng,Gomez,Huang]
g g,
pzq z;éa,p q 7p p,q ¥ q,a
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New EYM to YM relations [Nandan,JP,Schlotterer, Wen]

@ Two gravitons

Aevm(1,2,... np,q) =
e o o
—2[2 ep-x;) (€q - i) AL, ... i, pi+l, ..., 5,q,5+1,...,n)

J+1

n—1
—(eq 1) ) (e ZA cyi=L g Gopy gL )
J

=1

n—1
(ep- € . . . .
p ) g - ky) E A(L,2,...i—=1,q,%,...,j—1,p,7,...,n)

+(p<—>q)] -

@ Similar yet more complicated expressions have been worked out for 3 and 4
gravitons as well as double-trace EYM amplitudes with zero or one graviton.
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Some explicit EYM to YM relations

@ Two gluons, two gravtions
AEYM(L 2; 3, 4) = (63 . /64)(64 . .’El)A(l, 2, 3, 4) + (64 . k‘g)(Eg . 1‘1).,4(1, 2, 4, 3)
— (e3-x1)(€eq - x1)A(1,3,2,4) — s13(€3 - €4).A(1, 2,4, 3)
in BCJ basis:

= A(1,2,3,4) x {(63 Ea)(eq - E) + 2%2(64 k) (es - k1)
- 2(63 k1)(es - k1) — s23(es - 64)}
513

@ Three gluons, two gravitons

Aeym(1,2,3;4,5) =
(€4-x2)(es5 - ka) A(1,2,4,5,3) + (€4 - x2)(e5 - 1) A(1,5,2,4,3)
+ (&4 )(65 21) A(1,4,5,2,3) + (€4 - x2) (€5 - 22) A(1,2,4,5,3)
(64 I 65 k4)[ 542 +A(51423)]
+ 1(eq - €5)[524A(1,3,5,4,2) — 512A(1,2,3,5,4)] + (4 ¢ 5)
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Back to (subleading) Collinear Limits

h1  Pnit2 Pn+2

) h
1)2 b
P — Z Split_,(c; 1", 2m) x
=t p3
b3



The collinear scattering equations
o We take 1 || 2 with D = (¢~ P)
12) s Hec )

@ Change of variables:

01:P—§ 02:[)—1—%

@ In fact solutions with & — 0 imply collinearity of 1 || 2: polanGoddar]

Making the ansatz & = € &1 + €2&5 + O(e?) the scattering egs. for n + 2
particles factorize to a (n + 1)-particle problem:

n
Pa - Db Da - P
0= = o0
fae—)O ; Oab +0'a—p+ (6)
b#a
~ p-p
0— ‘ =N 2% 10
hotl bz_;p_o_b-l- (€)

along with the singular scattering eq.

0= fl B f2 e—0 - _g plf.lp2 (1 + 0(6))

enforces
collinearity 1 || 2
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Numerical studies of collinear scattering equations

Hence: ‘01 — o9 = p1 pg‘ But is the opposite also true?
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Numerical studies of collinear scattering equations

Hence: ‘01 — o9 = p1 pg‘ But is the opposite also true?

Have gained numerical insights for N < 8 with near collinear p; || p2 using the
p0|yn0mla| form [Dolan,Goddard;Kalousios] Of the Scatterlng €gs:

o We always find 2 - (N — 4)! degenerate (£ — 0) solutions
@ The remaining (N — 5) (IV — 4)! solutions are non-degenerate (£ = finite)

@ Numerically the degenerate solutions are seen to scale like £ ~ O(e).

Degenerate solutions are numerically seen to be dominant in the CHY integral at
leading O(1) and sub-leading O(1) order in the collinear limit.

‘j Can concentrate on degenerate solutions!
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Finding the degenerate solutions

5(f1) 0(f2) = 20(f1 + f2) 0(f1 — f2) = 20(f1 + f2) 6(f-)

e Degenerate solution ansatz & = e£1 + %€ + O(€?):

foi=(fi—fa) = (=5 (fi+ fo) = e[2c252 §1Pa — 2¢5Q1 — % +0(%)

. ~ P g ~ PP
with shorthands Q; = Z - Pi = Z ;12 2
= (p—0o0) — (ob—p)

@ Yields two solutions for £ = &4.

o i\/@%ﬂ(p-r)%

S1t = 2csPsy 4(c2s2)P2
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Finding the degenerate solutions

5(f1) 0(f2) = 20(f1 + f2) 0(f1 — f2) = 20(f1 + f2) 6(f-)

e Degenerate solution ansatz & = e£1 + %€ + O(€?):

foi=(fi—fa) = (=5 (fi+ fo) = e[2c252 §1Pa — 2¢5Q1 — % +0(%)

. ~ P g ~ PP
with shorthands Q; = Z = Pi = Z 12> 2
= (p—0o0) — (ob—p)

@ Yields two solutions for £ = &4.

L Qi +4(p-r)P>
bE T 20, 4(c2s2)P2

@ Solution counting:
e Remaining N — 1 scattering equations have (N — 4)! solutions
o Total number of degenerate solutions thus constructed 2 - (N — 4)!
= Matches the numerically found number!
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Four contributions to the near collinear expansion

n+2
A(1,2,3,...,n+2) L Z/H '50.5(fa)] dp5<fp+6(c . )61732)
fit+/f2
1 1
< | 17 PF W, |
—| o192...0n
‘8_§ L2 21 E=c1+e2€a+...
cn+2
Jacobian
@ Jacobian:
_1 & ) & )
7= 2 (p-r)+ A2s?Py &} Fedy (A T)gl cs(c? = %) Q| + O(e?)
Jo
@ Parke-Taylor factor:
1CnJrl &2

+Cn+1< b} + Sn+2,p, ) + O(e)
1

Cn+2 =

€&

@ CHY-matrix: Needs more involved computation, but Pf W, 5 ~ ¢
[17/28]
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CHY matrix expansion

Back to linear algebra: Elementary matrix manipulations

0 Ap Ay —Cii —Cun —Cy
Ay 0 Ay —Ci2 —Cx —Cp
U _ Aal Aa? Aab _Cla _C2a _Cda

i Cin Ci2 Cp O B2 B
Co1 Co Cop  Boy 0 Bog
Ccl Cc2 ch Bcl B c2 B cd |

@ Add row/column 1 to 2.

@ Subtract ¢? times second row/column from first row/column.
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CHY matrix expansion

Back to linear algebra: Elementary matrix manipulations

0 € Ajp €Ay —s2C+AEC ACy—s2Cy —eCy]

Ao 0 Ay, —C12 —Cn —Ca2 — U2y e

Aal Aa2 Aab _Cla _C2a _Cda

$2C11 —2Cr2 Cia+Ci1 Cypp 0 By By

s Ca1 — ?Ca Coo +Cn Oy Boy 0 Baq
L C'cl CcZ ch Bcl Bc2 Bcd i
Now:
0 same helicity: 1¥2%
B {521 - gf + O(e) opposite helicity: 1727

Use Pfaffian expansion of row one:

2n
Pf(A) = VdetA = > (=1)/(A)y; PA(AL )
=2
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Same helicity 152*: Leading order

@ CHY matrix:

DD, ) = <cpp _ % {;gzg}) Pf'(0,,1)  for helicities {if?}

@ Putting everything together we recover the splitting functions:

Ara S [ttty T2 G (0= g {T00}) P

5051

= Sp||ttfe(c, 15,25 A (pF,3, ..., n+2)

using the sum identities:

Jo 1
Z Zg_gp.r

{51} {&1}
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Opposite helicity 12F: Leading order

@ CHY matrix: Look directly at summed expression

3 3

> Pl =0 = (- Prw, ) -

Sl Pf(‘I’:H))

leading to

1|2 . _
AU 3+ o=y P splittree (1% 27) A (pt, 3. n 4+ 2)
+ SplitT**(c; 17,27) A1 (p,3,...,n +2) + O(1)

@ Hence the tree-level splitting functions are recovered from CHY.

@ Now everything is in place to expand out to the subleading collinear limit.
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Same helicity 1¥2*: Subleading order

Sum of Jacobian, Parke-Taylor, CHY-matrix and §’(f,) contributions at O(e"):

subleading J
= 1
) 1|2 Hn+

(L] L ¢ s @ _ CwPs /
52 - w1 PE(T,,
<P2 (C On+2,p + 52 ap3) + c2 g2 P Cpp Py C +1 ( +1)

c? — 52 / d"o,dp 0
22 52 vol SL(2,C) dp

A(1,2,3,...,n+2

+

[(H 5(72)) 8fy) 2 Crgs P (W) + 00

Compare to Einstein-Yang-Mills amplitude

Api1(p533,...,n+2) = /dﬂn-H Cpp Crs1 P (Upi1)

where
n+2

: Ep-py ~ PP
ol — _ i N P; = ——
P g (p—0p)’ bz_; (o = p)’
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Same helicity 1¥2*: Subleading order

Final result (w/o total derivative):

ubleading
= [ dpns1

s
1|12

Copr1l 1 11 ? — s? CppPs
“pp (2 — )+ =" (c® _ZeTS N o PE(D,
(PQ (62 On+2,p * 52 Upyg) + c2 52 PQ bp PQ 1 ( +1)

A(1,2,3,...,n+2)

e Taking the sum over permutations {4,..,n + 2} a la Stieberger-Taylor

Purple terms: Z Siyp Cny1 =P1=f, = zero due to 0(fp)
is€ST

Crai1
Red terms: g Sip o= p,
o
is€ST n+2,p

@ We recover S-T result (e.g. N = 5):
ssp A(1F,2%,3,4,5)M — 50, AT, 27,3,5,4) V) =

1 1
2 /d.un-i-lcpp Cr 1 P, = 2 Aeym(p™,3,4,5)
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A curious identity for 1¥2*: Subleading order

Final result (w/o total derivative):

subleading
A(1,2,3,....n+2)

1|12

2 2
(%(1 L1 L) ¢ —s (c]g)_%))an P (Uyy11)

Py \c? 0y00, 20,3 c2 52 Py Po

o Consider the differential operator | p - 9k, | (gauge transf. in eff. coll. leg)

n+2

; E - Db .
b=3 0P b
o AS 731 == O by Scattel’lng equations we flnd [Nandan, JP,Wormsbecher;unpublished]

subleading 2 2

p-0p, A™M(1,2,3,...,n+2) AMp,3,... n+2)

1)|2 o 2s2
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Factorization at subleading collinear order?

@ Final result in democratic collinear limit ¢ = s

subleading

A(1%,2%.3,... n+2)

1/|2,c=s

1 Oni23
d s o O PE(T
/Hn+1732 Tnt2.pOps pp “n+l (Upg1)

n+2
: 0 . . .
where Py = Z (pb—p = — fp, derivative of scattering equation.

_ 2
—(op—p)* Op

o Still, have not (yet) been able to write this in factorized form!!

O(e%)

A(1i,2i,3,...,n+2)(
1/|2,c=s

# Split™ (pa, Eay Oy, s .. ) AT, 3, ... n +2)

@ = Absence of a subleading collinear theorem for gluons.
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Collinear gravitons

With the collinear expansion of CHY building blocks in place, can deduce collinear
limits of scalar and gravitons:

o Gravitons: A,

B /d:“n Pf'(¥,) Pf'(P,)

@ In the collinear expansion this yields the leading behavior

2
A}LH’?H L2 2 Z/d,un—l Jo <Cpp + M) Pt (W,,1) PE(¥)-1)

with the result

csé

[Bern, Dixon, Perelstein,Rozowsky]|

1)2

A, =

_lpr]

22 (rp)

]
p)

n 1+ _/d,un 1~ pp Pf/( )Pfl(\I’n—l)
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Collinear gravitons

With the collinear expansion of CHY building blocks in place, can deduce collinear
limits of scalar and gravitons:

e Gravitons: A, = /dun Pf'(¥,,) Pf(V,)

@ In the collinear expansion this yields the leading behavior

++ o++ 112 2 [pr] ’
Ay =2 ;/d“n—l Jo <CPP+ cs§1> Pf' (1) Pf'(W,-1)
1

Wlth the resu It [Bern,Dixon, Perelstein,Rozowsky]

2 [pr] / ’
An26292< > n 1+/d/un1 ppr( )Pf(\I’nfl)

@ This result is universal. Identical behaviour for scattering of m gravitons and k
gluons, A, = [ du, Cy, P£(¥,,) Pf'(V,,). Collinear graviton limit:

2 [pr] 1 Crp
A G [0S e P
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Collinear scalars

@ Pure scalar amplitudes
Anto = / dpin12Cr i
@ Working out the leading and subleading collinear limit 1 || 2 one finds

1|12 1
An+2(172737"'an+2) :mAn+l(pv3v"'7n+2)
1

2
— Z /dﬂn+1 ( C — C + 0 >Cn+1 + 0(1)
Jacobian  Parke-Taylor  ¢'(f4)

Scalars have vanishing subleading collinear behaviour!
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Subleading collinear-soft gluon limit

o Further spinoff: Take a soft limit p — 7p with 7 — 0 of the subleading
collinear gluon result:

Cp 1 1 1 1
12 _ e
An /dﬂn 2%'7']0;) (TPQ <C Onp Tnp | 52 Up3>

2 — §? c,,P 1o
(2) _ Zpp’3 n3 P (U
+ 2827 Py (Cpp Py ) ) Tnp Tp3 Cn—2 Cpp ( n—2)

@ Performing the p integral yields universal factorized expression:

11 /E,- 2 1 (B, -p3\?
L (B L (Y] ag
 \ p-pn s2 \ p-p3

O(€9) ﬁ

All2.p=7p
n
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Summary: Understanding the subleading collinear limit

Question: Is there a subleading collinear theorem for gluons?

Intriguing relations:
Linear combinations of subleading collinear gluon amplitudes = Einstein-Yang
Mills amplitudes [sticberger Taylor]

Results: Reproduced tree-level splitting function from collinear limit of CHY.

Gluons: We do not see factorization in the subleading collinear limit for pure
glue. Stieberger-Taylor relations proven. Curious identity between gauge
transformation of subleading collinear limit and gluon amplitude.

Gravitons: Leading factorized and non-factorized contributions to collinear
graviton limit established

Scalars: Vanishing subleading collinear behaviour.
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