String Theory 1 Assignment Sheet 3 Due: November 16, 2009

Exercise 1 — p-brane action

The Nambu-Goto action of the string can be generalized to describe the dynamics of a p-brane,
sweeping out a (p + 1)-dimensional world volume, i.e.

SI(,NG) _ _Tp/dp—l—lo.\/m, (1>

where Ya5 = N 0o X*03X", o, 8 = 0,...,p is the induced metric on the p-brane. Show that the
Polyakov form of the action requires a non-vanishing cosmological constant A, for p # 1, i.e.

T,

SI()POD _ _717 /derlU /__ggaﬁmwaaxuaﬁXV_|_Ap/‘dp+10—,/—g. (2>

Hint: First argue that the equations of motion for the X* derived from S,(,NG) and SI(,POI) only agree
if g is given (up to a constant overall factor) by the induced metric

gaﬁ = 77#1, 8aX“ ébX” . (3)

Then demand that the equations of motion for g,g, following from SéPOD, have (3) as a solution.

Exercise 2 — Closed string solution

Consider a closed string with initial conditions

X%r=0,0) = 0 , X%r=0,0)=R,

X' (r=0,0) = Rcos(o) , Xl(rzo,a)zo,

X*(r=0,0) = Rsin(o) , X*(r=0,0)=0,

Xi{(r=0,0) 0, X(r=00)=0 , i=3,....,D—1, (4)

i.e. at 7 =0 it is a circular string of radius R at rest, localized in the (X!, X?)-plane. Determine its
time evolution by solving the equations of motion and show that the solution solves the constraints
X X' and X2+ X?=0.

Exercise 3 — Virasoro algebra

a) The canonical momentum densities of the Polyakov action in conformal gauge are given by
PH(r,0) =TX" (5)

Use the expansion of the coordinates X* in Fourier modes, i.e.

/ 1 ) )
XH(1,0) =2t + a'p'T + 14/ % Z - [&Ze*m“*") + &Ze*m(”") (6)
n#0

and the Poisson brackets

(X*(1,0), X" (1,0 )]pg = [P*(7,0),P"(r,0')]pg =0, (7)
[(X*(1,0), P"(1,0))]pg = 7/"d(0 — o) (8)



to show that

[O%a O‘Z]PB = [Oé’fn, &Z]PB = _imnwj(sm—&-n,o ) [dﬁv O‘Z]PB =0 ;o m,n e /R (9)
Hint: First show that

_ . d
(X# £ X0 (7,0), (X £ X)(1,0)| = 207 —d(0 — o)

[(Xﬂixuf)(f, o), (X” F X"')(r, 0')] =0 (10)

Use this to verify (9) (remember off = & = (/% p").

b) The Virasoro generators of the closed string are given by

Ln=5 Y Qun Oy , Lp=5 G - Gy - (11)

[Lm? Ln]PB = _Z(m - n)Lm+n )
[Lma Ln]PB — _Z(m - n)Lm—H‘L P
(L, Lylpg = 0. (12)



