
String Theory I Assignment Sheet 3 Due: November 16, 2009

Exercise 1 – p-brane action

The Nambu-Goto action of the string can be generalized to describe the dynamics of a p-brane,
sweeping out a (p+ 1)-dimensional world volume, i.e.

S(NG)
p = −Tp

∫
dp+1σ

√
−det(γαβ) , (1)

where γαβ = ηµν ∂αX
µ∂βX

ν , α, β = 0, . . . , p is the induced metric on the p-brane. Show that the
Polyakov form of the action requires a non-vanishing cosmological constant Λp for p 6= 1, i.e.

S(Pol)
p = −Tp

2

∫
dp+1σ

√
−g gαβ ηµν ∂αXµ ∂βX

ν + Λp

∫
dp+1σ

√
−g . (2)

Hint: First argue that the equations of motion for the Xµ derived from S
(NG)
p and S

(Pol)
p only agree

if gαβ is given (up to a constant overall factor) by the induced metric

gαβ = ηµν ∂αX
µ ∂βX

ν . (3)

Then demand that the equations of motion for gαβ, following from S
(Pol)
p , have (3) as a solution.

Exercise 2 – Closed string solution

Consider a closed string with initial conditions

X0(τ = 0, σ) = 0 , Ẋ0(τ = 0, σ) = R ,

X1(τ = 0, σ) = R cos(σ) , Ẋ1(τ = 0, σ) = 0 ,

X2(τ = 0, σ) = R sin(σ) , Ẋ2(τ = 0, σ) = 0 ,

X i(τ = 0, σ) = 0 , Ẋ i(τ = 0, σ) = 0 , i = 3, . . . , D − 1 , (4)

i.e. at τ = 0 it is a circular string of radius R at rest, localized in the (X1, X2)-plane. Determine its
time evolution by solving the equations of motion and show that the solution solves the constraints
Ẋ ·X ′ and Ẋ2 +X ′2 = 0.

Exercise 3 – Virasoro algebra

a) The canonical momentum densities of the Polyakov action in conformal gauge are given by

P µ(τ, σ) = TẊµ . (5)

Use the expansion of the coordinates Xµ in Fourier modes, i.e.

Xµ(τ, σ) = xµ + α′pµτ + i

√
α′

2

∑
n6=0

1

n

[
αµne

−in(τ−σ) + α̃µne
−in(τ+σ)

]
(6)

and the Poisson brackets

[Xµ(τ, σ), Xν(τ, σ′)]PB = [P µ(τ, σ), P ν(τ, σ′)]PB = 0 , (7)

[Xµ(τ, σ), P ν(τ, σ′)]PB = ηµνδ(σ − σ′) (8)



to show that

[αµm, α
ν
n]PB = [α̃µm, α̃

ν
n]PB = −imηµνδm+n,0 , [α̃µm, α

ν
n]PB = 0 , m, n ∈ Z . (9)

Hint: First show that[
(Ẋµ ±Xµ′)(τ, σ), (Ẋν ±Xν ′)(τ, σ′)

]
PB

= ±2T−1ηµν
d

dσ
δ(σ − σ′) ,[

(Ẋµ ±Xµ′)(τ, σ), (Ẋν ∓Xν ′)(τ, σ′)
]

PB
= 0 . (10)

Use this to verify (9) (remember αµ0 = α̃µ0 =
√

α′

2
pµ).

b) The Virasoro generators of the closed string are given by

Lm =
1

2

∞∑
n=−∞

αm−n · αn , L̃m =
1

2

∞∑
n=−∞

α̃m−n · α̃n . (11)

Use the result of part a) to show that they satisfy the (Virasoro) algebra

[Lm, Ln]PB = −i(m− n)Lm+n ,

[L̃m, L̃n]PB = −i(m− n)L̃m+n ,

[Lm, L̃n]PB = 0 . (12)
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