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d ef ghijfkeklmfn oppiqenhjfn

xi rs ej
i = 1, . . . , 3t qfk uijkvfwjpik

~r =
∑

3

i=1
xiêikfefn s ejjfxk

xi = xi(qκ)
qyilm qef vfihxxzfs fenfijfn oppiqenhjfn

qκ rs ej
κ =

1, . . . , 3t hykzfqi{lwj [ |fihxxzfs fenfijf }hkekvfwjpifn rxpwhxfk dife~ fen t xhkkfnkelm ~ fiflmnfn s ejjfxk
êqκ

=

(

∂~r

∂qκ

)

1

bqκ

, bqκ
:=

∣

∣

∣

∣

∣

∂~r

∂qκ

∣

∣

∣

∣

∣

, rZt
ynq fi�{ xxfn qef uijmpnpis hxej�jk~ fqenzynzfn

êqκ
· êq

κ
′
= δκκ′ .

def �fklm� enqezwfejk�ynq }fklmxfynezynzkvfwjpifn � hykzfqi{lwj qyilm vfihxxzfs fenfijf oppiqenhjfn �kfefn
~v = ~̇r =

3
∑

i=1

ẋiêi =
3

∑

κ=1

vqκ
êqκ

, vqκ
=

3
∑

i=1

ẋiêi · êqκ
, r�t

~a = ~̈r =
3

∑

i=1

ẍiêi =
3

∑

κ=1

aqκ
êqκ

, aqκ
=

3
∑

i=1

ẍiêi · êqκ
. r�t

d ef wenfjeklmf �nfizef � hykzfqi{lwj en vfihxxzfs fenfijfn oppiqenhjfn � xhyjfj

T =
1

2
m~̇r

2

=
1

2
m

3
∑

κ=1

v2

qκ

. r�t
d ef �ip� fwjepnfn

aqκ

qfi }fklmxfynezynz en qef � elmjynzfn
êqκ

xhkkfn kelm hylm � ef�pxzj ~ fiflmnfn �
aqκ

=
1

bqκ

[

d

dt

(

∂T

∂q̇κ

)

−

(

∂T

∂qκ

)]

. r�t
}fjihlmjfn �ef nyn qef aSLN^�bb]cUTM`NT

(q1, q2, q3) = (r, θ, ϕ)
�

x1 = r sin θ cos ϕ, x2 = r sin θ sin ϕ, x3 = r cos θ . r�t
rZht ��� }fiflmnfn �ef qef �enmfejkvfwjpifn

êr, êθ

ynq
êϕ

s ejjfxk � x [ rZt ynq{~fi�i{�fn �ef qfifn uijmpnpis hxej�j [
rZ~ t ��� }fiflmnfn �ef qef ghijfkeklmfn ops�pnfnjfn

ẋi

qfk �fklm� enqezwfejkvfw�jpik [
rZlt ���� �fezfn �ef s ejjfxk s ejjfxk � x [ r�t � qhkk qfi �fklm� enqezwfejkvfwjpi enoyzfxwppiqenhjfn � ef �pxzj xhyjfj �

~v = ṙ êr + rθ̇ êθ + r sin θϕ̇ êϕ .
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rZqt ��� �f~fn �ef fenf zfpsfjieklmf �njfi�ifjhjepn �{i qef ops�pnfnjfn
vr

�
vθ

ynq
vϕ

[
rZft ��� � enqfn �ef qef wenfjeklmf �nfizef

T = T (r, θ, φ; ṙ, θ̇, ϕ̇) sejjfxk � x [ r�t [
rZ� t ���� �fezfn �ef s ejjfxk � x [ r�t � qhkk qef ops�pnfnjfn qfi }fklmxfynezynzen oyzfxwppiqenhjfn � ef �pxzj xhyjfn �

ar = r̈ − rθ̇2 − r sin2 θϕ̇2 ,

aθ = rθ̈ + 2ṙθ̇ − r sin θ cos θϕ̇2 ,

aϕ = r sin θϕ̈ + 2 sin θṙϕ̇ + 2r cos θθ̇ϕ̇ .

rZzt ����� �~fi�i{�fn �ef qhk �izf~nek vpn �y�zh~f rZ� t � ef �pxzj � }fiflmnfn �ef
�yn�lmkj qef ghijfkeklmfn ops�pnfnjfn

ẍi

qfk }fklmxfynezynzkvfw�jpik [ }fiflmnfn �ef qhihyk s ejjfxk � x [ r�t qef ops�pnfnjfn
ar

�
aθynq

aϕ

[
� [ ��NUcU_NT�UbTM^N� �NTcN^
�en 	fexlmfn qfi 
 hkkf

m
m�nzf hn fenfs �hqfn qfi ��nzf

R
� s ej �y�m�nzf�ynwjhs � ik�iynz r~ fe ~r = 0t � ynq klm� enzf ynjfi �eny� qfi �lm�fiwih�j [ }fnyj�fn�ef es �pxzfnqfn oyzfxwppiqenhjfn �

(r, θ, ϕ)
� s ej qfi ��hnzk~ fqenzynz

r = R.

r�ht ��� }fkjess fn �ef qef �hzihnzf��ynwjepn L = L(θ, ϕ; θ̇,ϕ̇)
[

r�~ t ��� �fezfn �ef � qhkk qfi fimhxjfnf difmes�yxk qyilm
l = mR2 sin2 θϕ̇zfzf~ fn ekj [

r�lt ��� � enqfn �ef qef fimhxjfnf �nfizef
E = E(θ, θ̇)

hxk �ynwjepn vpn
θ

ynq
θ̇
[ �fezfn �ef � qhkk kef en qef �pis E = T (θ̇) + Ueff (θ)

zfklmief~ fn�fiqfn whnn � �p~fe qhk f�fwjevf �pjfn� ehx �pxzfnqf �pis mhj �

Ueff (θ) =
l2

2mR2 sin2 θ
+ mgR cos θ . r�t

r�qt ��� � enqfn �ef s ejjfxk qfi �hzihnzf�� x [ � [ � ij fenf }f�fzynzkzxfelmynz�{i
θ̈
� ynq qi{lwfn �ef qef f�fwjevf oih�j qyilm fenf �~xfejynz vpn

Ueff (θ)
hyk [

r�ft ��� �we��efifn �ef qhk f�fwjevf �pjfn� ehx hy� fenfi �we��f vpn
Ueff (θ)

vk [
θ ∈ [0, π)

� ynq qekwyjefifn �ef qhk fi�hijfjf |fimhxjfn vpn
θ(t) �yhxe�jhjev [
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r�� t ��� di{lwfn �ef
θ̇ sejjfxk

E = E(θ, θ̇)
qyilm fenf �ynwjepn vpn

θ
hyk [

� enqfn �ef qyilm �f�hihjepn qfi |hieh~xfn ynq �njfzihjepn fenfn �yk�qiylw �{i
t = t(θ)

[ �� en�fek � q efkfi �ykqiylw fnjm�xj fen �njfzihx �qhkk �ef nelmj �y x�kfn ~ihylmfn [�
r�zt ��� dhk 
 en esys qfk f�fwjevfn �pjfnjehxk kfe ~ fe

θ0

[ �fezfn �ef � qhkk
θ0qyilm fenf �xfelmynz qfi �pis

sin4 θ0

cos θ0

= f(l, R)

zfzf~ fn ekj � ynq ~fkjessfn �ef qef �ynwjepn f(l, R)
[

r�m t ���� }fjihlmjfn �ef nyn qfn �hxx � qhkk qfi � enwfx
θ(t)

wxfenf �lm� enzynzfnys qhk 
 en esys hyk�{mij � q [m [ kfe
θ(t) = θ0 + θ1(t)

� s ej
θ1 ¿ θ0

[�nj� elwfxn �ef qhk f�fwjevf �pjfnjehx en �pjfn�fn vpn
θ1

ys qhk 
 en�esys � ynq �fezfn �ef kp � qhkk
θ1

mhis pneklmf �lm� enzynzfn hyk�{mij �
s ej fenfi �if�yfn� ω

� q ef qyilm �pxzfnqfn �ykqiylw zfzf~ fn ekj �

ω2 = −
g

R

[

cos θ0 +

(

1 + 2 sin2 θ0

cos θ0

)]

. r�t

r�et ����� }fjihlmjfn �ef nyn qfn � es fk fenfk kfmi wxfenfn difmes�yxk �
l → 0

[
�fezfn �ef � qhkk � x [ r�t en qefkfs �hxx qhk ~ fwhnnjf �izf~nek �{i fenf~ fnfk �fnqfx xef�fij � ynq ~ fiflmnfn �ef qef fikjf opiifwjyi qh�y [
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}fjihlmjfn �ef qef �� xenqfiwppiqenhjfn (q1, q2, q3) = (ρ, ϕ, z)

�
x1 = ρ cos ϕ, 2 = ρ sin ϕ, x3 = z . r�t

rZht � }fiflmnfn �ef qef �enmfejkvfwjpifn
êρ, êϕ

ynq
êz

sejjfxk � x [ rZt ynq{~fi�i{�fn �ef qfifn uijmpnpis hxej�j [
rZ~ t � }fiflmnfn �ef qef ghijfkeklmfn ops�pnfnjfn

ẋi

�fklm� enqezwfej [
rZlt � �fezfn �ef s ejjfxk s ejjfxk � x [ r�t � qhkk qfi �fklm� enqezwfejkvfwjpi en

�� xenqfiwppiqenhjfn � ef �pxzj xhyjfj �
~v = ρ̇ êρ + ρϕ̇ êϕ + ż êz.

rZqt � �f~fn �ef fenf zfpsfjieklmf �njfi�ifjhjepn �{i qef ops�pnfnjfn
vρ

�
vϕ

ynq
vz

[
rZft � � enqfn �ef qef wenfjeklmf �nfizef

T = T (ρ, ϕ, z; ρ̇, ϕ̇, ż) s ejjfxk � x [ r�t [
rZ� t � �fezfn �ef s ejjfxk � x [ r�t � qhkk qef ops�pnfnjfn qfi }fklmxfynezynzen �� xenqfiwppiqenhjfn � ef �pxzj xhyjfn �

aρ = ρ̈ − ρϕ̇2 ,

aϕ = ρϕ̈ + 2ρ̇ϕ̇ ,

az = z̈ .

rZzt � �~fi�i{�fn �ef qhk �izf~nek vpn �y�zh~f rZ� t � � ef �pxzj � }fiflmnfn �ef
�yn�lmkj qef ghijfkeklmfn ops�pnfnjfn

ẍi

qfk }fklmxfynezynzkvfw�jpik [ }fiflmnfn �ef qhihyk s ejjfxk � x [ r�t qef ops�pnfnjfn
aρ

�
aϕynq

az

[

�


