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Numerical Renormalization group for Quantum Impurity Models
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Opening the NRG ( and DMRG) black box

- What is NRG good for? 

- How does NRG work?

- How does DMRG work?

- Relation between NRG and DMRG

- Many-body dynamics meets quantum information theory

Numerical renormalization group (NRG) 
[Wilson, ’75]

Quantum impurity models

matrix  
product 
states

numerics
inside

Density matrix renormalization group
(DMRG) [White, ’92]

Quantum chain models
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How does NRG work?

Diagonalize chain iteratively, discard high-energy states
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Diagonalize Hamiltonian iteratively
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[Wilson, 1975]
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Energy truncation, complete many-body basis
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build complete many-body basis from discarded states, keeping track of degeneracies

[Wilson, 1975] [Anders, Schiller, 2005]
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NRG yields Matrix Product States (MPS)

iterate:

[Weichselbaum,
Verstraete,

Schollwoeck, Cirac,
von Delft, 2005] 

“matrix product state” (MPS)

NRG yields Matrix Product States (MPS)

iterate:

[Weichselbaum,
Verstraete,

Schollwoeck, Cirac,
von Delft, 2005] 

“matrix product state” (MPS)

Wilson truncation of 
high-energy states:
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DMRG truncation strategy

Fix size of matrices:

Variationally optimize ground state 
in space of matrix product states:
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reshape

retain only largest M singular values
(for given M this maximizes entanglement )

reshape

singular-value 
decomposition

0
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Advantages of MPS formulation

For quantum impurity problems: 

- Logarithmic discretization no longer needed
[Weichselbaum et al, PRB 2009, Guo et al, 2009]

- First truly "clean" algorithm for spectral functions at finite temperatures 
(full multi-shell DM) [Weichselbaum, von Delft, PRL 2007]

- Memory reduction by optimizing size of A-matrices

In general:

- Time-dependent problems !!  (t-DMRG)
[Daley, Kollath, Schollwöck, Vidal (2004)
White, Feiguin, (2004)]

Many-Body Numerics

quantum impurity models
(discrete states + continuous bath)

magnetic moment + Fermi sea
atom/molecule + surface

quantum dot + leads
qubit + environment

dynamical mean-field theory

quantum chains

spin chains
1-d Hubbard model

quantum wires
polymers

1-d cold atoms

NRG: numerical renormalization group 
(Wilson, 1975)

DMRG: density matrix renormalization group  
(White, 1992)

meets Quantum Information 

MPS: 
matrix product states Östlund, Rommer (1995)

Verstraete, Porras, Cirac (2004)

Weichselbaum, Verstraete, 
Schollwöck, Cirac, von Delft (2005)

Weichselbaum, von Delft (2007)
Saberi, Weichselbaum, 

von Delft (2008)

nonequilibrium dynamics!!
(time-dependent driving, 

quantum quenches)

Daley, Kollath, 
Schollwöck, Vidal (2004)
White, Feiguin, (2004)
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