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We investigate the equilibrium behavior of a superconducting circuit QED system containing a large
number of artificial atoms. It is shown that the currently accepted standard description of circuit QED via an
effective model fails in an important aspect: it predicts the possibility of a superradiant phase transition, even
though a full microscopic treatment reveals that a no-go theorem for such phase transitions known from
cavity QED applies to circuit QED systems as well. We generalize the no-go theorem to the case of (artificial)
atoms with many energy levels and thus make it more applicable for realistic cavity or circuit QED systems.
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Recent years have seen rapid progress in fabrication and
experimental control of superconducting circuit QED sys-
tems, in which a steadily increasing number of artificial
atoms interact with microwaves [1-4]. These develop-
ments set the stage to study collective phenomena in circuit
QED. An interesting question in that context is whether a
system with many artificial atoms undergoes an equilib-
rium phase transition as the coupling of artificial atoms and
electromagnetic field is increased (at zero temperature).
Phase transitions of this type have been intensely discussed
for cavity QED systems [5-10] and are known as super-
radiant phase transitions (SPTs) [6]. However, in cavity
QED systems with electric dipole coupling their existence
is doubted due to a no-go theorem [8]. Recently, it has been
claimed that SPTs are possible in the closely related circuit
QED systems with capacitive coupling [10-12]. This
would imply that the no-go theorem of cavity QED does
not apply and challenges the well-established analogy of

circuit and cavity QED. ) ) o
Here, we show in a full microscopic analysis that circuit

QED systems are also subject to the no-go theorem. We
argue that such an analysis is necessary since the standard
description of circuit QED systems by an effective model
(EM) is deficient in the regime considered here. A toy
model is used to illustrate this failure of an EM. Finally,
we close a possible loophole of the no-go theorem by
generalizing it from two-level to multilevel (artificial)
atoms. Thus, our work restores the analogy of circuit
and cavity QED and rules out SPTs in these systems under
realistic conditions that have not been covered before.

Dicke Hamiltonian in cavity and circuit QED.—Both
circuit QED systems and cavity QED systems with N
(artificial) atoms (Fig. 1) are often described by the
Dicke Hamiltonian [13] (A = 1)

Q& P
Hp=wata+= o+ oat + a)
PR P

+ k(at + a)2. (1)
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The (artificial) atoms are treated as two-level systems with
energy splitting ) between ground state |g); = ({); and
excited state |e), = ()); (0%, o are Pauli matrices). In the
case of circuit QED, we assume Cooper-pair boxes as
artificial atoms, which justifies the two-level approxima-
tion. Our main results, though, hold for any charge-based
artificial atoms (capacitive coupling) [14]. Further, at
generates a photon of energy w. Matter and field couple
with a strength A. The « term, often neglected in other
contexts, will become crucial below. In cavity QED, H
derives from minimal coupling of atoms and electromag-
netic field. For an atom (n electrons) at a fixed position,

n o A2
}[gav = Z M + Vint(rlr RS rn)- (2)

< 2m
i=1

The pA and A? terms in the analog N-atom Hamiltonian
yield the A and « term in JH p,, respectively. In circuit
QED, FHp, arises from a widely used EM for a charge-
based artificial atom in a transmission line resonator [15],

HY, = 4ECY (v = DRIl = L3 (v + 1] + He),

Here, v counts the excess Cooper pairs on the island, E;
and Ec = €?/[2(C; + C,)] are the Josephson energy and

FIG. 1 (color online).

Cavity QED system with N atoms (a)
and circuit QED system with N Cooper-pair boxes as artificial
atoms (b).
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the charging energy of the Cooper-pair box, and C; and C,
are the coupling capacitance and the capacitance of the
Josephson junction. Moreover, 7 = C5(Vg + V)/2e, Vg
is an external gate voltage and 'V the quantum voltage due
to the electromagnetic field in the resonator. The Cooper-
pair box is assumed to be at its degeneracy point [15]. As it
is described by macroscopic quantities (like E-) and only
1 degree of freedom (v), . (C)ir is an EM for a Cooper-pair
box in a transmission line. Starting either from H Y, or
H gir, one obtains JH , using the following approxima-
tions: The N (artificial) atoms are identical, noninteracting
two-level systems with ground and excited states |g)
and |e) which are strongly localized compared to the
wavelength of the single considered field mode
lie, A@)~A=Aje(at +a), where |e| =1, and
V*) =V =Vyat + a)l.

Superradiant phase transitions and no-go theorem.—In
the limit N — oo, JH |, undergoes a second order phase
transition at a critical coupling strength [6—8]

A2 = ?(1 + 4—K). 3)

w

This phase transition was discovered for H , with k = 0
and termed SPT [6]; see [9] for recent studies. At A, the
atoms polarize spontaneously, (3 ,0*)/N # —1, and a
macroscopic photon occupation arises, {ata)/N # 0. A
gapless excitation signals the critical point [Fig. 2(a)].

In cavity QED systems, however, A, cannot be reached
if the  term is not neglected [8]. That is because A and «
are not independent of each other. Let us define a parame-
ter a via k = aA?/Q. Then Eq. (3) becomes A2(1 — a) =
wQ/4, and criticality requires a <1. With A, =
1/\/2€,@V (V is the volume of the cavity) one finds

(b)
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FIG. 2 (color online). (a) Excitation energies €, and €_ of the
Dicke Hamiltonian JH p, versus coupling A (in units of @ = (}),
for @« = kQ/A*=0,081,1.2. For a« =0, e_ vanishes at
A=0.5, thus signaling a SPT. Only @ = 1 is compatible with
the TRK sum rule. For these @, €. — 4/1 — 1/ and remains
finite for all A. The excitations €+ (A) of JH, correspond to
a = 1. (b) Toy model of an (artificial) atom. The oval line
indicates the degree of freedom in the simplified effective model.

where d = (gle " r;le) and @, Qle-d|* = ne*/2m.
But the Thomas-Reiche-Kuhn sum rule (TRK) ([16],
Sec. A)

n

2
S(E - E)le(gle Y ripF=n_— ()

! i=1

for the Hamiltonian H° = 3" p?/2m + Viy(ry, ..., 1,)
of an uncoupled atom with spectrum {E,, |/)} implies Q|€ -
d|?> = ne?/2m, consequently ., = 1. This is known
as the no-go theorem for SPTs [8,10]. Notice that a.,,
determines how strongly (|e - d|> exhausts the TRK.
We remark that a direct dipole-dipole coupling between
atoms (omitted here) can lead to a ferroelectric phase
transition, which, however, occurs only at very high atomic
densities [17].

Surprisingly, the no-go theorem was recently argued not
to apply in circuit QED [10]. Indeed, the standard EM of
circuit QED yields

eCG N
/\cir = ’
CG + CJ Lc

where L denotes the length of the transmission line reso-
nator, c its capacitance per unit length, and we have used
Vo = (w/Lc)"/? [15]. Here a., = E;/4E- <1 is easily
possible [1]. According to this argument, a SPT should be
observable in a circuit QED system.

Effective models and superradiant phase transitions.—
The EM has proved to be a very successful description of
circuit QED whose predictions have been confirmed in
numerous experiments. However, the circuit QED setups
operated so far contained only few artificial atoms. It is not
obvious that an EM also provides a good description of
circuit QED systems with N >> 1 atoms and, thus, a proper
starting point to study SPTs in circuit QED. We now
present a toy model illustrating how an EM similar to the
one in circuit QED can erroneously predict a SPT.

The toy model consists of N harmonic oscillator poten-
tials with frequency (), each trapping »n noninteracting
fermions of mass m and charge e, which all couple to a
bosonic mode with frequency w [Fig. 2(b)].

This toy model can be viewed as a very simplified
description of (artificial) atoms with n microscopic con-
stituents inside a resonator. It is governed by the
Hamiltonian

CZG wN

=__ ¢ PN g
Kt = 50ce+ C)) Le’ O

k—eA)? N mQ?(xk)?
2m 2

Ho = watat 33
w=walat+ Y Y (7)
k=1i=1

where we assume again A(x¥) =~ A = A(at + a). Since A
couples only to the center of mass coordinate of the kth
oscillator, .’7—[tm can be diagonalized ([16], Sec. B):

113602-2
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}[tmz

t 1 nN—1 ¢
ei<aia+ 5) Z Q(b b; + )

262 (A) = w? + 4k + Q2

= J(0* + 4kw — Q2 + 16270 Q. @®)

Here, ai generate excitations that mix photon field with
collective center of mass motion, the b;r excite the remain-
ing degrees of freedom, A = A,Qd+/N and k = A2/Q). As
d = (nlex|n — 1) = ey/n/2m{), the TRK is exhausted.
Note that €.(A) are also the relevant excitation energies
of H |, for N — o0, as can be shown using methods of
Ref. [9] ([16], Sec. B), and demanding e€_ = 0 yields
Eq. (3). One sees that €(A) is real and nonzero for all A
and that the ground state energy is an analytic function of A
[Fig. 2(a)]. Hence, no phase transition is possible.

Let us now consider an EM for the toy model. Similar to
the standard EM of circuit QED, we focus on the fermion
with the highest energy in the kth harmonic oscillator and
treat it as a two-level system with |g;) = |n — 1)
and |e;) = |n); [Fig. 2(b)]. Accounting only for one
fermion per ‘‘atom,” that is, expanding HEM =
wata + 3V (p* — eA)?/2m + mQ*(x¥)?/2 in the basis
{ln — 1), |n):}, yields a Dicke Hamiltonian with Agy = A
and kgy = k/n = Ne?A}/2m. Crucially, only Agy de-
pends on n. This allows Agy; to be increased at constant
kgm; therefore, apy = 1/n can be <1 and a SPT is
possible. This failure of the EM can be interpreted as
follows. The relation A = Agy = d « /n reveals that the
coupling of an ‘“atom” to the bosonic mode is fully cap-
tured by the EM and grows with atom size n. However, in a
proper description of the system, increasing the coupling
by increasing n unavoidably also increases « in proportion
to n: all fermions of all atoms couple to the bosonic mode
and each causes an A% term. This is lost in the EM with
only 1 degree of freedom per atom. Interestingly, agy < 1
only if n>1, i.e., as long as the effective description
actually neglects degrees of freedom.

Microscopic description of circuit QED.—This example
suggests not to rely on the standard description for inves-
tigating SPTs in circuit QED. Although the dipole coupling
of field and qubit states might be fully represented by A,
K¢ could still underestimate the A terms of all charged
particles in the Cooper-pair boxes. Instead, let us describe a
circuit QED system with N artificial atoms by a minimal-
coupling Hamiltonian that accounts for all microscopic
degrees of freedom:

(pf — q, A
H e = wal a+zz + Vi (eh, o xf).

As we allow arbitrary charges qf? and masses m¥ and an
arbitrary interaction potential V;, of the n, constituents of
the kth artificial atom, JH ;. most generally captures the
coupling of N arbitrary (but mutually noninteracting)

objects to the electromagnetic field. We subject it to the
same approximations that led from J 8 - the EM of circuit
QED, to HH p. For identical artificial atoms {r;, gk, mk} —
{n, g;, m;}. The Hamiltonian of an uncoupled artificial
atom then reads HO. = 3"  p?/2m; + Viy(ry, ..., x,).
Its qubit states |g) and |e), which in the standard EM
are superpositions of the charge states |v), are among the
eigenstates {|/)} of H®. . Expanding F ;. in the {|g);, le)}
basis and taking A(r¥) = A gives the Dicke Hamiltonian
H'p, with parameters generalizing those of cavity QED

[Eq. (D],

Qle-d| |IN ) 1 Loq?
\mic — —, mic — i 9
cr eyw VV Keir 2€qw (Z 2m; ) ©)

where d = (g| Y, g;r;le). This microscopic description
of circuit QED facilitates the same line of argument which
in Ref. [8] allowed the conclusion that there is no SPT
in caVity QED: Criticality [Eq. (3)] requires Qe - d|*> >

", g?/2m;, which is ruled out by TRK for H",

mic?

S(E - Ele (gl Y qmil? = zi. (10)
] i=1 = 2m;

Hence, the no-go theorem of cavity QED applies to circuit
QED as well. This result confirms the analogy of cavity
and circuit QED also with respect to SPTs. It has been
obtained under the same approximations that led from the
standard description of circuit QED, JH cir» 1O H p with Ay,
and k. The discrepancy of the predictions of the micro-
scopic and the standard description of circuit QED thus
shows the limitations of the validity of the latter. This
might be important for future circuit QED architectures
with many artificial atoms in general, even for applications
not related to SPTs. We emphasize, though, that our con-
clusion neither forbids SPTs in circuit QED systems with
inductively coupling flux qubits [18] nor is it at odds with
the great success of the standard description for few-atom
systems: there, the deficiency of k., does not manifest
itself qualitatively as the x term in JH{  mimics slightly
renormalized system parameters @ and A.

Possible loophole in the no-go theorem.—Although the
two-level approximation for the anharmonic spectrum of
(artificial) atoms is well justified in many cases, one might
argue that higher levels should be taken into account in this
context. Indeed, a SPT does not require ) = w, and
thereby does not single out a particular atomic transition.

For a more profound reason for dropping the two-level
assumption, consider the elementary question of how the
presence of N mutually noninteracting atoms shifts a res-
onator’s frequency w. This situation is described by H mlc
It can be rewritten as H . = wata + 3V  (HE,

5—[% + 5—[5‘2), where H’;A and .7-[A2 are the pA and A2
terms due to the kth atom ([16], Sec. C). Let us perturba-
tively calculate the frequency shift 6w = 0w,y + Sw,:

caused by 3° H¥  and ¥ H %, ([16], Sec. C). To this end,
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take w < Q§1 for all m, k, where QF, is the mth excitation
energy of H mlc Remarkably, it turns out ([16], Sec. C) that
0w,, (<0) and Sw,> (> 0) cancel almost exactly due
to the TRK. The total frequency shift is small, dw ~
(w/QFK)?. As a SPT equates to Sw = — w, the significance
of both pA and A? terms for its existence becomes clear.
The pA terms cause a strong negative shift and favor a
SPT, the A? terms do the opposite. This means, most
crucially, that one must not unequally truncate pA and
A? terms for assessing the possibility of a SPT by an
approximate Hamiltonian. Dropping the A” terms in FH
(k = 0) leads to the prediction of a SPT. In contrast,
with « # 0 fully incorporates the A% terms of H ;.. But,
due to the two-level approximation, it has only one matrix
element of the pA terms per atom, thereby possibly under-
estimating the tendency towards a SPT. To exclude SPTs in
cavity and circuit QED, a generalization of the no-go
theorem to (artificial) atoms with more than two energy
levels is necessary.

Generalized no-go theorem.—Let us consider N — oo
identical atoms coupled to a field mode with frequency w.
The atomic Hamiltonians H*.. may have an arbitrary
spectrum {Q,, |[,) = |I);}, with Q, =0 and u excited
states (Fig. 3).

With d; = € - (I| X", g;r;|l'), the full Hamiltonian of
the system reads

N n
g-[mic = a)ana + K(a‘r + a)2 + Z Z (Qlal,[/llk><lk|

k=111=0
Ql)dz,z/(aJr + a)| XL ). (11)

We now follow a strategy similar to that of Refs. [9]: We
derive a generalized Dicke Hamiltonian JH gp having the
same low-energy spectrum as JH ;. for a small density of
atoms, N/V = 0, using A, « V~1/2 a5 small parameter. We
then check whether HH ;p has a gapless excitation if the
density is increased, which would signal a SPT and mark
the breakdown of the analogy of H gp and H ;..
Expanding the eigenstates and eigenenergies of H ;. as
|g> x Z_CS)OZO A6|5Y> and &« z.ys’A6+‘Yl<5sIg{miclg‘r/% we
note that contributions from all d;.q ;.o terms may be
neglected: they are smaller than those retained by a factor
of at least one power of A, (for s + s> 1) or £/N < 1
(for s+s'=1), where &€ =3, -0 KLLIENI?> is the
number of atomic excitations in |£,), which is < N for

+ iAO(Ql/ -

Al

¢ T
o |
o |
| ¢l

FIG. 3 (color online). Situation of the generalized no-go theo-
rem. Many multilevel (artificial) atoms couple to the photon
field. Transitions between excited atomic states are irrelevant for
the low-energy spectrum of the system.

low-lying eigenstates ([16], Sec. D). We thus define H gp
by setting d;+¢ o — 0in H ie- Up to a constant, we find
([16], Sec. D)

M M

g-[GD = d)a*a + Z le;bl + Z )I[(b}. + bl)(aT + a),
=1 =1

(12)

by introducing b;r = 71]\7 S 1L){0;] as collective excita-
tion, omitting the energy of the ‘“dark” collective

excitations ([16], Sec. D), and removing the « term
by a Bogolyubov transformation yielding w — @ =
Vo? +4kw  and — =2\, with A=
Ao ldy I/N. For dilute excitations, the b; are bosonic,
[b,, b;r,] = 8,y [19]. The system undergoes a SPT if an
eigenfrequency €; of H gp can be pushed to zero by
increasing the couplings A;. We cannot calculate the €;’s
explicitly, but we will show that the assumption €; = 0

contradicts the TRK. An ¢€; solves the characteristic equa-
tion ([16], Sec. D)

(]ﬁ[m; &)@ - e 4wf Aj LY=o a3)

=1

If €; were zero, this would imply

ZQ |do|* =

n 2

-S4 (14)

= 2m;
and contradict the TRK for Hgm [Eq. (10)], which ensures
that the right-hand side is negative even if the entire atomic
spectrum is incorporated. This result is irrespective of the
details of the atomic spectra. Note that for k = 0, the
negative term on the right-hand side of Eq. (14) vanishes,
and one recovers the SPT for critical couplings A, with
>, A% /Q; = w/4. This resembles Eq. (3) with x = 0.

Experimental evidence for our conclusions could be
gained by probing the shifted resonator frequency of a
suitable circuit QED system. Consider a sample containing
N artificial atoms with A/+/N = 27 X 120 MHz and
Q)27 = w/27m =3 GHz. If ay = E;/4E- = 0.1, as
predicted by the standard theory, there should be signatures
of criticality for N = 174 [according to Eq. (3)], and the
resonator frequency should be close to zero. But even if we
assume « = 1, the minimal value compatible with the
TRK (that corresponds to ideal two-level atoms), we find
the lowest excitation €_ to be still at e = 27 X 2 GHz.
We have verified that these phenomena are insensitive to
small fluctuations of the atomic parameters ([16], Sec. E;
see also [18]) and hence experimentally observable.
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We provide intermediate steps for the derivation of some important statements and equa-
tions of the main text (Secs. A-D). Furthermore, we discuss the influence of disorder in the
parameters of artificial atoms on a possible experimental verification of our results (Sec. E).
For clarity, formulas contained in the main text are typeset in blue.

A. Thomas-Reiche-Kuhn sum rule. We derive the TRK [1] for the Hamiltonian

HO- = ] +‘/int(r17-"7r71)7 (Sl)

yielding Eq. (9) of the main text; Eq. (4) follows as a special case. The derivation of the TRK
is based upon the identities

q? - "~ 4P < ¢;D
ey qne 30 P, P
2mi ;fh ! 2mi/ ; m;

i'=1

n

i ar]. (s
i=1

for a real unit vector e. We denote the eigenspectrum of HC, by {Ej,|l)}. It comprises a
ground state |g) of energy E,. The TRK follows by combining the commutators of Eqgs. (S2):

n 2 n n
G _ i .
;M—@ﬂe-;qzrw [H05e > aors] | Ie) (S3a)

=1

i=1

=Y (Bi— Ele- (g >_amill)*. (S3b)
l i=1



B. Diagonalization of Hp and Hiy. It is demonstrated that the diagonalization of
both the Dicke Hamiltonian Hp for N — oo and the Hamiltonian H;,, describing the toy
model can be reduced to the diagonalization of special cases of Hgp, which appears in the
context of the generalized no-go theorem. The characteristic equation of Hgp, that will be
derived in Sec. D of these supplementary notes, is solvable for the special cases and yields the
diagonal forms of Hp and Hiyy,.

Diagonalization of Hp. First, we focus on the Dicke Hamiltonian

Qs
HD:waTa+§ZJZ+ ZO’ a’ +a) + k(a+af)? (S4a)

=wa'a+ — Za +—= ZO’ +C (S4b)

with © = vVw? + 4kw, A = \/w/OA, and C = (& —w)/2. The Hamiltonian (S4b) was diagonal-
ized by means of a Holstein-Primakoff transformation in Refs. [2]. We employ here a closely
related approach developed in [3], which is more convenient for a generalization beyond the
two-level approximation and was also used in the derivation of Hgp. We drop C, set the
energy of the atomic ground states to zero, introduce the operators

N

1 .

T T iqik

af = lex)(gl,  bf, = —=>_ € 9Fler)(axl, (S5)
VN

where ¢; = 27(j/N) and j € {0,1,..., N — 1}, and obtain for N — oo

N
My =@a'a+ Q) alar + A, + by, )(al + a) (S6a)
k=1
N-1 B
=@ata+ Q> bl by, + A(b], +by,)(a’ + a). (S6b)
j=0

In the limit of dilute excitations, that is applicable as long as the excitation energies of the
system are finite, the b,, obey bosonic commutation relations. Note that only the j = 0
collective mode couples to the radiation field. The j # 0 modes are ‘dark’ and will be omitted
in the following. We write b instead of by, and arrive at

iy = @ata + QbTb+ A" +b)(a' + a), (57)

which corresponds to Hgp (Egs. (11) and (S28)) with u = 1. Later we will derive a character-
istic equation for the eigenfrequencies of Hgp (Eqgs. (12) and (S32b)). For p = 1 this equation
has the solutions

2¢L = w? +4kw+ Q2 + V(@2 + 4kw — Q2)2 + 160200, (S8)



Diagonalization of Hy,. Now we consider Hip (Eq. (6)). The coupling of the electromag-
netic field and a single harmonic oscillator ‘atom’ is described by

" (pi — eA)? 022
Hgm:Z(p € ) +m ‘Tz. (89)

. 2m 2
=1

Note that we drop the index k£ numbering the atoms in Hi,, for a moment. As usual, we
assume A(r) ~ A = Ag(a’ + a) in the region where the atoms are located. It is convenient to

make the canonical transformation &; = —p;/(mf2) and p; = mQx,;. This yields
n 2 2
0 Z D; mQx Z
Foom = i=1 (2m + 2 > ool n e 510

where we have written x; and p; instead of Z; and p; to keep notation simple. Succes-
sively introducing relative and center-of-mass coordinates, {x1, p1, 22, p2} — {1, p1, X1, P1 },
{X17P1a 1‘37293} — {i‘27ﬁ27X23 P2}a ey leads to

n—1 ~

2 252 H2 2 y2 2 42
0 D; Wi T; P MQ2X A t ne“Ag , 4 9
Him ;(2/“4— 5 >+2M+ 5 tedo (a" +a)nX + o (a"+a)
(S11)
Here, X = X, Z _,z;and P =P, Z;l 1 p; are the center-of-mass coordinates of all

particles in the harmonlc oscillator atom, and M = nm. The relative coordinates are given
by &; = (1/22 %) — i1 and p; = 1/(3 )(Zj 1 Pj —ipj+1), and p; = mi/(i+1). Note
that the electromagnetic field couples only to the center of mass. With this preliminary work
done, one can write the full Hamiltonian as

N N N(n—1)
- 1
Him = @ata+ Q ;ﬂ: cher + ; b+ en)al +a) +Q 21: (bib; + 3 +C" (S12)

The operator cz excites the center-of-mass degree of freedom of the kth atom, and the gener-

ators for the N(n — 1) relative coordinates are denoted by bz. We have introduced

ns2 e? A3
v = e/ Py k=nN pyet (S13)

and removed the x-term by means of @ = vw? + 4kw and 4 = y/w/&y as before (C' = (@ —
w+ NQ)/2). The first three terms are again a special case of Hgp with Q; = Q and \ = 4 for
all [, and p = N. Hence, their eigenvalues follow from the roots of the characteristic equation
for Hap (Eq. (S32b)), simplified by the present conditions. They can be explicitly calculated
and are the frequencies of the normal modes of field and center-of-mass coordinates. We find
N — 1 eigenfrequencies being equal to €2 and represent the generators of the corresponding
collective excitations also by b;r. Only two eigenfrequencies €4 are nondegenerate,

263 = w? 4 dkw + 0% £+ /(W2 + 4kw — Q2)2 + 16N72wQ (S14a)
= w? +4kw + 02 + /(w2 + 4kw — 02)2 + 162200 (S14b)




We have defined A = v/ N~. Since the dipole moment d of the transition from the ground state
of an atom to its first excited state is given by d = (n|ex|n — 1) = e /n/2mf2, we can rewrite

A= AoQdy/N and k = X\?/Q. Denoting the generators of the e-modes by a., we arrive at

nN-—1
Him = ex(alar + Z Q(blb; + (S15)

C. Shift of the resonator frequency due to the pA- and A’-terms. Consider
a system of N mutually noninteracting objects (e.g. atoms) with Hamiltonians

k S (p})* k k
Hmlc = Z ka + ‘/int(rlv s 7rnk) (816)
1=1 ?

coupled to a field mode of frequency w. It is described by
Hunic = wa'a + Z et HEA+HE), (S17)

where Hrllcruc = ZZ”H (pl) /2m + ‘/lnt(rlv' ] nk) HPA - Z:Lkl 4q; Apf/m and le2 =
SOk (¢F)2A%/2mF. We denote the eigenspectrum of HE,. by {EF ,|my)r} and the pho-
ton states by |I) and calculate the shifts dwya and dwaz of the resonator frequency due to

EH 4 and > HE %2 using the first nonzero terms in a perturbation series for the energy
of 0,...,0,1). We take w < (EF — EF) = Qk for mp # 0 and A(rf) ~ A. With
di, o= k(mk| Sk gFrF|0)k, we find for the jth terms AEJA and AE’ "i2 in the perturbation
series for the perturbations - Hp, and Y- HY,

AEy, =0 (S18a)
ol (i+1) z
AE2, = _Agz Z Qp le-dr, of - S p— (S18b)
k=1my#£0 F e ok
N . y 9
A -AFY DD Ok fe-db, of ((21+ 1) - <Qk) + (214 1) (Qk) ) (S18c)
k=1 my#0 mg mg
N ng
AE}, = A3(20+1) Z k (S18d)
k=11:=1 l
Therefore,
N w2
Swpa =— 243> N QF le-db, oP(1+ © )2) (S19a)
k=1my#0 mg
N ng
B =243 3 S (a:)" (S19b)

k=11i=1 1
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Figure S1: Situation of the generalized no-go theorem. Atomic spectra are drawn black, eigenenergies
of the free electromagnetic field blue. (a) Structure of a low-energy state |€y) of the uncoupled system.
For N — oo, the numbers of excited atoms £ and of photons x in |£y) are small compared to N, £ < N
and x < N. (b) Structure of a component of £;. The coupling has induced one atomic transition and
created or annihilated one photon (shown is an excitation of the second atom and the creation of a
photon). The state |€1) is the sum of all such states. Their amplitude in the eigenstate of the coupled
system is smaller than the amplitude of |£y) by a factor x Ag V=12, In general, |Es) represents
the sum over all states obtained from |&y) via s atomic transitions and s creations or annihilations of
a photon. They contribute to the eigenstate of the coupled system by an amplitude oc Ag.

The pA-terms cause a negative and the A2-terms a positive frequency shift. Note that dw,a
and dw 42 almost cancel due to the TRK (applied for each k). The resulting total frequency
shift 0w = 0wy + w42 is suppressed by ~ (w/QF, )? as compared with dw,4 and dw 2.

D. The generalized Dicke Hamiltonian Hgp. In this section, we derive the Hamil-
tonian Hgp (Eq. (11)) from Hpic (in the form of Eq. (10)) for N — oo and show how to
obtain and evaluate its characteristic equation.

According to our strategy formulated in the main text, we start from low atomic densities
and expand the eigenstates |€) of Huie in powers of Ay oc V=1/2,

€) o - AFle), (520)

s=0

where |€;) stands for a sum over components that each describe s transitions from |£y) both in
its atomic and in its photonic part and hence has weight o< A (Fig. S1). The corresponding
eigenenergies can be written as £ o< ), A‘O""”'S/ (Es|Hmic|Es). We are interested only in the
low-energy spectrum of Hpi.. Thus, we assume that the number of atomic excitations £ =
>k >0 [(Uk]€0)|? and the number of photons x = (&la’al&y) in the uncoupled eigenstates
|€o) are small compared to N, §¢ < N and x < N. We now calculate £ by dropping all
s+ & > 2 terms and show that for the low-energy spectrum of ;. all matrix elements that
induce transitions in-between excited atomic states are irrelevant. To that end, we write

N I =
Humic = (Z)G,Ta + Z Z (Qlélyl/\lk)<lk| + iAO\/E(Ql’ — Ql)dl,l/(aT + a)|lk><l§€\) + C, (821)

k=11,1'=0



with @ = Vw? + 4kw and C = (0 — w)/2, and we define

N p
H=add"a+ Y > Oll)(ll (S22a)
k=11=1
N pn o
Hepr = (af +a) Y ) Ao =~ (ido,1|0k) (U] — idy,0|l) (Ok]) (S22b)
E=11=1
N I o
AH - T - - ’ ] ’ " —1 ’ ! .
(a + a) Z Z Ao\/:(Ql Ql )(Zdl ,l|lk><lk| Zdl,l |lk><lk‘) (8220)
k=11>1'>1
Accordingly,
E X (EHmiclE) (S23a)

X <80|H|go> =+ AQ(<50‘HCP1|51> =+ <81|Hcp1|50> =+ <50|AH|81> + <51|AH|€0>) (823b)

Let us now compare the contributions of H.p and AH to £. The photonic parts of Hgp
and AH are equal and need not be further considered. We write (Hep) = (Eo|Hepi|€1) +
<51|Hcp1‘80> and <AH> = <€0|AH|51> + <51|AH|€0>, and we find

(AH) _ Yz (S — Q)lm [dva only ((Eolly,) (Lil&r) + (Exlly,) (Ll &o))]
(Hep) S uIm[doy STy ((Eol0k) (Ik|E1) + (E1]0k) (1k]E0)) ]

Since N — oo, the number of nonzero terms in the k-sums is decisive. For given [,1’, the
sum over k in the numerator has at most & nonzero terms, whereas the sum over k in the
denominator has at least N — £ nonzero terms. Hence, we drop AH, which represents the
matrix elements of Hpc connecting the excited states of an atom, and keep Hgp as the
relevant coupling part of Hp,;.. We reintroduce the k-term and call the resulting Hamiltonian
generalized Dicke Hamiltonian Hap,

(S24)

N p
Hep = wata + KJ((IT + a)2 + Z (Ql|lk><lk| — QlAO(aT + a) (’idl’0|lk><0k| + HC)) . (825)
k=11=1

It has the same low-energy spectrum as H ;.. Paralleling our treatment of Hp, we introduce
1N
T T _ ig;k
ay.; = [lk)(Okl, by 1= —F= Ze 710 ) (O (526)
’ VNI

where ¢; = 27m(j/N) and j € {0,1,..., N—1} as before. With chvzl G,L’lak’l = Z;V:_Ol b;.,lbqj,z,
Eq. (525) becomes

N-1
Hap = wala+n(al + a2 + 3 (U D 0] by — AUVN(al +a) (idiobl, , +Hee) ).
=1 §=0

(S27)

The operators by, ; are bosonic in the limit of dilute excitations ({ < N)[3]. The j > 0
collective modes do not couple to the electromagnetic field. Again, we drop the energy of



these ‘dark’ modes, write b; instead of by, ;, define A = AoQ|do|v/N, and remove the s-term
by substituting w — © = Vw? +4kw and \; - A\ = /w/@A; and adding C = (& — w)/2.
This gives

Iz Iz
Hap = @ala+ Y Qblb + > N(bf +b)(a’ +a)+ C. (S28)
=1 =1

In order to find the eigenfrequencies of Hgp, we introduce canonical coordinates by means of

1 Cw 1 1Q
\/ﬁ(aT—kaL pzzl\/;(aT—a)a Yy = QQl(b;—Fbl)’ pl:Z\/EI(b;_bZ)a (529)

Tr =

and define XT = (z,y1,...,y.), P* = (ps,p1,---,pu), and g; = 2Xv/@Y. This yields

Hep = P;P - %XTQ2X — %(w + i ) (S30)
where
o2 912 gy
e R (531)
g'ﬂ o

w

The orthogonal matrix G that diagonalizes Q% induces a point transformation to the normal

modes X = GX and P = GP. The eigenvalues €? of Q% are the squared eigenfrequencies of
the system. They solve the characteristic equation

m

oz(lnl(gl,—e))(w _ e QQ ) (S32a)
:(ﬁ(Ql,—e))((w — )4 Zl: &Y ) (S32b)
=1
None of them can be zero since this would imply
WA an\dm? Z L (33)

We have used @ = Vw? + 4rw, A\ = Vw/@A, N = AgQ|dy |V N, and Kk = NAZS 2 /2m;.
However, the left side of Eq. (S33) is positive, whereas its right side is negative according to
the TRK for H2. (Egs. (S3) or Eq. (9) of the main text).



E. Influence of disorder in the atomic parameters. The unavoidable fluctuations
of the transition frequencies and coupling strengths of the artificial atoms may be expected to
weaken the tendency towards a SPT in a circuit QED system and thus should not jeopardize
the assertion of the no-go theorem. However, the experimental verification of the failure of
the standard description of circuit QED proposed in the main text requires that the coupling-
induced shift of the resonator frequency and the SPT predicted by the standard description are
robust with respect to some disorder in the atomic parameters. Further, for a coupling that is
critical according to the standard description, the minimal excitation energy compatible with
the TRK has to be well-separated form zero also for a disordered system.

In this section, we present numerical results showing that disorder in the atomic parameters
does not have a significant influence on the lowest excitation energy of a circuit QED system
with a large number of artificial atoms, both according to the standard description of circuit
QED and according to a microscopic description that obeys the TRK. The proposed method
for experimentally observing the failure of the standard description is consequently not affected
by a small amount of disorder in the atomic parameters. Finally, we show that in case of very
strong coupling, the failure of the standard description of circuit QED can become measurable
already for a system with N = 10.

Neither in the standard description nor in the microscopic description it is possible to
numerically calculate the excitation energies for a system containing as many as N ~ 200
artificial atoms. One can therefore not demonstrate in this way that also for disordered systems
the standard description predicts a SPT, whereas according to the microscopic description all
excitation energies remain nonzero. Hence, we will follow a strategy pursued in a similar
context in Ref. [4] and consider smaller systems with varying number of artificial atoms to
study the effect of disorder under increasing system size. For non-identical artificial atoms,
the Dicke Hamiltonian reads

N N N

Qk >\k
Hp = wa'a + ok 4 =oFa +a)+) k(a4 a)?, S34

k=1

where kj, represents the A%-terms due to a single atom (k = Z,Igvzl k). Note that Q, Ag, and
ki depend on the properties of the kth atom and may slightly fluctuate in a way that has to
be specified. The effective model for an artificial atom employed in the standard description
leads to (cf. Egs. (5) of the main text)

eCE JwN CcE? w
)\cir,k: = C,kicrk ) Keir,k = %77 (835)
e+ C3V Le 2(CE+CF) Le
while the microscopic approach yields (cf. Eqgs. (8) of the main text)
i« le-d¥| /N : 1= (gh)?
e, = DD N e S (536)
’ v 2€eqw \%4 ’ 2¢qwV ~ 2m;
and d* = (ex| Y0, ¢FrPlgr). We define a parameter oy, via Nky = aiA? /€ and find
cir, 262 = 4Eé7 cir,k Qk|6 . dk‘Q )

where a?ﬁfk > 1 due to the TRK (Eq. (9) of the main text). We assume for the microscopic
mic _
cir,k —

description « 1, which corresponds to the strongest shift of the lowest excitation energy



allowed by the TRK (in other words, the atoms are taken to be perfect two-level systems).
Now we implement disorder in the system and write €, = Q7, where we choose 7 to be a
random number following a normal distribution with mean 1 and standard deviation 0.1. To
determine how disorder in the €, affects A\; and xj both in the standard and in the microscopic
description of the system, it is further assumed that the artificial atoms have approximately
the same shape and chemical composition, that the disorder is only due to imperfections in
the fabrication of the Josephson junctions, and that Cg > C’ff. Thus, Keirk = Keir/N and
H’C’};Ck = kIi/N are taken to be independent of k. Under these conditions, )\g‘;ck = e, /7,
whereas Agir ; = Acir does not depend on the fluctuations of the atomic transition frequencies.
Note that Qeir,k = EJ)]C/4EC = Qk/4EC = (EJ/4EC)Tk = OlirTk- By ﬁxing Qcir — EJ/4EC =
0.1 as in the calculation for the ordered system, we have expressed 2, A\x and k; both in the
standard and in the microscopic description of the disordered system by mean values 2 and A
and a disorder configuration {7x}.

In our numerical analysis, we calculate the lowest excitation energies V4 of disordered
circuit QED systems with N = 3,5,7 artificial atoms as functions of A according to the
standard and the microscopic description. It will be necessary to consider couplings of the
same order of magnitude as 2. Even though with present-day technologies such couplings are
not realistic for N = 3,5, 7, this gives us the evolution of the lowest excitation energy with
increasing IV under strong coupling and allows us to infer the behavior of a system with larger
N, for which A ~ Q is possible (A x VN ), but which would be numerically intractable. All
calculations are done for w = 2, and we have used 100 disorder configurations for each system
size to calculate mean values <6N’d> and standard deviations o . Numerical experiments show
that restricting the photonic part of the Hilbert space to maximally seven photons provides a
good compromise between accuracy and numerical effort. We have also calculated the lowest
excitation energies ¢V of the corresponding ordered systems (7, = 1 for all k), and we compare
our results with € (for different «), the exact lowest excitation energy of an infinitely large
ordered system (Eq. (7) and Fig. 2(a) of the main text, there denoted simply by e_).

Figure S2 shows our main numerical results. We plot in black the excitation energies of
the homogeneous systems, €V, for N = 3,5,7. The upper three black curves are calculated
according to the microscopic description of circuit QED, the lower ones according to the
standard description of circuit QED. In both cases, the frequency shift for given A increases
with V. For comparison, we plot the corresponding analytically found excitation energies
for the infinitely large homogeneous system, €>*|,—¢1 (dark red) and €>*|,—1 (dark green).
The latter curve already appeared in Fig. 2(a) of the main text. Indeed, as N increases,
€N approaches €|,—0.1 (or €°|,=1) if calculated according to the standard (or microscopic)
description of circuit QED.

We plot further the averaged lowest excitation energies (61j’d> (dashed blue, dashed green,
and dashed magenta for N = 3,5,7, respectively), again both according to the microscopic
description (upper three curves) and according to the standard description (lower three curves).
The figure clearly demonstrates that the mean excitation energies of the disordered systems
are similar to the excitation energies of the homogeneous systems. The dashed lines for (e]j’d>
gained from the standard description are hardly visible for A/Q2 2 0.5 as they coincide in the
resolution of Fig. S2 with the corresponding ¢”-lines and are plotted underneath.

The solid colored curves enclosing the color-shaded regions represent (ejj’d> +on as calcu-
lated from the microscopic and the standard description of circuit QED. We use again blue,
green, and magenta for N = 3,5, 7, respectively.

According to the microscopic description, the standard deviation does not appreciably
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Figure S2: Lowest excitation energies of (dis-)ordered circuit QED systems with varying number of
artificial atoms vs. coupling A\. The figure shows the predictions both of the standard description of
circuit QED and of a microscopic description that is compatible with the Thomas-Reiche-Kuhn sum
rule. Scales are in units of w = 2. Black lines: lowest excitation energies of ordered circuit QED
systems with N = 3,5, 7 artificial atoms according to the microscopic description (upper three curves)
and according to the standard description (lower three curves). Blue, green, and magenta lines: results
for the corresponding disordered systems. Mean excitation energies are represented by dashed lines,
while the solid lines stand for the mean values plus and minus the standard deviation. Furthermore,
analytical results for a homogeneous system with N — oo according to the standard description (dark
red) and according to the microscopic description (dark green). The standard description predicts
precursors of the superradiant phase transition for the disordered finite-size systems. For couplings
that produce a quasi-degenerate ground state according to the standard description, the microscopic
description predicts a nonzero energy gap, irrespective of the presence of disorder in the atomic
parameters.

decrease with increasing A\. However, the standard deviation is small compared to the mean
lowest excitation energy <61j’d> and decreases with N, o3 > o5 > o7 for all A. Disorder,
thus, does not have a significant effect on the lowest excitation energy of a circuit QED
system containing many artificial atoms according to the microscopic description. The lower
bound derived in the main text for the shifted resonator frequency of a homogeneous circuit
QED system undergoing a SPT according to the standard description will basically remain
unchanged if a small amount of disorder in the atomic parameters is admitted.

According to the standard description, the effect of disorder is strongly suppressed for
large A. The lowest excitation energies of the disordered systems do not only coincide on
average with the excitation energies of the homogeneous systems, also the standard deviation
from the mean rapidly shrinks with A and N. For instance, for N = 7 and A/Q2 = 1.5, we find by
means of the standard description €7 /Q &~ 1075, (¢79)/Q ~ 107, and 07/Q ~ 2 x 105, This
means that the ground states of the systems become quasi-degenerate for strong coupling A,
irrespective of the presence of disorder. Hence, in the standard description of circuit QED
precursors of the SPT are visible for finite-size disordered systems and get more pronounced
with increasing N. The effect of disorder is much weaker than the coupling-induced frequency
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shift and vanishes where the corresponding ordered systems become gapless. Consequently,
our estimate on the basis the standard description of how many artificial atoms are required
to see signatures of a SPT in a homogeneous circuit QED system with realistic parameters
(see main text) will not be affected by small fluctuations of the atomic parameters.

Taken together, our numerical results for the microscopic and the standard description
assure — as the central conclusion of this section — that the method for experimentally observing
the failure of the standard description of circuit QED systems that we have proposed in the
main text is insensitive to a small amount of disorder in the atomic parameters.

We remark that we have done the same
analysis of (dis-)ordered finite-size circuit

QED systems as above on the basis of the LO_\ - T N
microscopic description but with o = 0 (Fig. | 0_{:§\ o - 6;, 4 ]
S3). This shows how the SPT emerges in a3 la=o __-<€E d>
(dis-)ordered circuit or cavity QED system E o6l = (e=") £on
according to the microscopic picture if the © microscopic

k-term is disregarded (recall that the depen- 8 oaf descriftéon, 1
dence of \; on Q; differs between standard = ‘-

and microscopic description). One finds very E ozr N=3 ]
similar results as for the standard descrip- e ool 7

tion of circuit QED: the mean lowest excita- b os 10 s
tion energies (dashed colored lines) converge coupling A
to those of the homogeneous systems (black

lines) as A increases, the standard deviation Figure S3: Lowest excitation energies of (dis-)or-

(solid colored lines, plotted relative to the
mean values) shrinks even faster than in the
standard description, and the (mean) exci-
tation energies approach €>°|,—o (red line) if
N is increased. The latter curve already ap-
peared in Fig. 2(a) of the main text. These

dered circuit QED systems with varying number of
artificial atoms vs. coupling A (in units of w = Q).
The figure shows the predictions the microscopic
description if the s-term is neglected (o = 0). The
color code is the same as in Fig. S2. Further-
more, the analytical result for a homogeneous sys-

findings imply that if a SPT occurred in a tem with N — oo if the x-term is neglected (red).

homogeneous system (this happened if a < 1

according to Eq. (2)), it would be not affected by some disorder in the atomic parameters, not
only according to the standard description but also according to the microscopic description
of circuit QED.

Finally, we numerically estimate the deviation of the prediction of the standard description
of circuit QED from the actual value for the lowest excitation energy of a circuit QED system
with only 10 artificial atoms but with very strong coupling. Suppose an artificial atom couples
with a strength A/Q = 0.1 to the resonator field. This has been already achieved with flux
qubits [5] and is referred to as “ultrastrong coupling”. Since we have seen that disorder plays
only a minor role for the lowest excitation energy of a circuit QED systems with N > 1,
we consider for simplicity a homogeneous system. We assume again w = 2, include up to
10 photons in our calculations, and obtain, by taking the v/N-scaling of the coupling into
account, excitation energies of €19|,—0.1/Q = 0.63 (corresponding to the standard description
with ag, = Ej/4Ec = 0.1, cf. Egs. (S37)) and €'°|,—1/Q =~ 0.74 (o = 1 corresponds to
the strongest frequency shift compatible with the TRK, i.e., to the microscopic description
of ideal two-level artificial atoms, cf. Egs. (S37) and Eq. (9) of the main text). This means
that, if the coupling is ultrastrong, already for systems with ~ 10 artificial atoms the standard
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description can be measurably inaccurate: in the case considered here, the actually measured
lowest excitation energy will be at least 17% greater than predicted by the standard description.
Measuring the excitation energy of such a system hence could be an alternative viable way to
experimentally verify our conclusions. Ultimately, these deliberations may give an improved
idea of the required system sizes and coupling strengths that render the mistakes made by the
standard description manifest.
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